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OriaBJjenue




BBenenue

Maremaruka siBIS€TCSI B CBOEH OCHOBE €AMHBIM opraHu3moM. Ho 3To enuHCTBO

3aTyLIEBBIBACTCS PA3ACIICHUEM Ha CIIEIUATIBbHOCTH, MPEACTABUTENN KOTOPBIX 3a-

YACTYIO C TPYZIOM IMOHUMAIOT ApyT apyra. Ckaxem, BOSHUKAIOT OOJIBIIHIE TPYIHO-

CTH TIpH OOIICHUH aHAIKNCTA M alreOpancTa, JJOTUKA | TOToJiora u T. 1. [Toatomy

MPaKTUYCCKH HUTIIC B POCCUHCKUX By3aX HET Kypca, KOTOPBIH MbITaJICS Obl OXBa-

TUTh MHOTOOOpa3ue MaTeMaTUIeCKUX METOJIOB C €IMHON TOYKU 3PEHHUS.
Omnpenenenue Jlexkapra

MaTemaTrka — Hayka O nopsiake u mepe (1)

OCTaeTCsl HETPEB30MACHHBIM C TOUKH 3PEHUS pa3bsiCHEHUSI IPeAMETa MaTeMaTu -
KH OOBIUHBIM JIFOISIM, J1a ¥ ¢ 00Ienorndeckoi Touku 3penus. Ho oHo He ronut-
csl I pa3bsCHEHMsI peAMeTa MaTeMaTuKd CaMUM MaTeMaTHKaM, IOCKOJIBKY, B
YaCTHOCTH, CJIOBa “TOPSAOK U “Mepa” cTajlu B MaTEMATUKE TEPMUHAMM U, COOT-
BETCTBEHHO, U3MEHWIN CBOM cMbIci. Onucanue

MaTtemaTunka nsyyaet o6beKTbl, CBOMCTBA KOTOPbIX TOY-
HO chOpPMYNMPOBaHbI

(2)

HE SIBJISIETCS ONpPENIeNIEHUEeM C TOUKH 3peHUs 00111el JIOTHKH, a BHyTPEHHEE KOBap-
CTBO €I0 BBISBIIIETCS B Kypce MareMaTHueckoi jJoruku. Ilockonbky Mbl nmeem
JNEHCTBUTENHEHO MOoYHYI0 (HOPMYITHPOBKY, CKaKEM, B SI3BIKE KIIACCHUYECKOM JIOTHKH
MIPEIUKATOB, Mbl OKa3bIBA€MCsl OrpaHUYEHbI. B yacTHOCTH, MBI HE MOXKEM BbIpa-
3UTh JIaXKe TIOHATHSA KOHEYHOT'O MHOXKECTBA WJIM TPAH3UTUBHOTO 3aMbIKaHMs. BbI-
pas3uB e UX B JPYTOM TOYHOM SI3BIKE, MBI [IOJYYaeM JAPYrHe OrpaHUUEHHS.

Ecinn sxe Oparh 10CTaTOUHO CHIIBHYIO CUCTEMY, OIUCBIBAIOILYI0 pa3BUThIE Ma-
TEMaTU4ECKUE TOHATHS, TO, CONIACHO Teopeme ['€nens, oHa OKa3bIBaeTCs HENOJI-
HOM ¥ BCTYMAIOT B elicTBUE 3 (HeKThl HehopManu3yeMOCTH, HECTaHJapPTHBIE MO-
Jenu U npodee. Tak 4TO TOUHOCTh OCTAaeTCs JIMIIb U1€AI0M, BUAHEIOLIMMCS Ha
HEJIOCTHKHMOM IFOPU30HTE.

ITockonbKy HUKTO HE CIIOPUT, YTO JOKA3aTEIbCTBO U TOYHOCTD SABJISIOTCS aTpu-
OyTamMM MaTeMaTHKH, TO OTCIOJa CJIyeT, YTO IOHITUE TOUHOCTH Hehopmanusye-
MO U B 3HAYUTEIILHON CBOEH 4aCTH NMEpeAaeTcs Ha MpeLeIeHTaX, HEOCPEICTBEH-




HO OT y4uTelsd K y4eHuKy. Tem He MeHee Ha OCHOBE JaHHBIX IPELENCHTOB C He-
N30€KHOCThIO NOABIISAIOTCS Oosee cTporue GopMyIUPOBKH, BBIJEISIOTCS U SIBHO
OIMCBIBAIOTCS BAXKHBIE CUCTEMBI IIOHATHHN.

HoBoe onpeneneHne MaTeMaTHKU HESIBHO COAEPKAIOCH B paboTe jereHaap-
Horo (paniry3ckoro maremaruka H. Byp0Oaku [8]. OHu onmcanu noHsitue mame-
Mamuyeckol cmpyKkmypbl, CTapasichb IeHiCTBOBaTh TAKUM 00pa3oM, 4TOObI BCE HaM-
6osiee n3BecTHBIE Ha KOHEL 40X IT. KJIACCUYECKUE MaTeMaTHYECKUE KOHCTPYKLIUU
UM OXBaThIBaNKCh. KOHEYHO e, BBUAY HE(OPMAIH3YEeMOCTH, TAKOE ITOHATUE HE
MOTJIO OBITH TIOJIHBIM, M OHO OBICTPO TIOPOJIMIIO AJITEPHATHBHBIE ITOIXO/IbI, B 4ACT-
HOCTH, TE€OpHIO Kareropuil. Takum oOpa3oM, B JTaHHBII MOMEHT €CTh HECKOJIbKO
TOYHBIX OINPEAECIICHU MaTEMaTUYECKON CTPYKTYpbl, KOTOPbIE SIBHO MPECTaBIsA-
I0T 000 MIocTacu OHOro M TOro ke Hedopmanuzyemoro noHsTus. ITostomy
JUIs. MaTeMaThuKa MOXKHO C(OpMYJIMpOBaTh OIpe/ie/ieHne COBPEMEHHONW Marema-
TUKH CIEAYIOIIUM 00pa3oM.

MaTemaTvka — Hayka, u3ydawlas matematuieckune
CTPYKTYpbI.

XOTs KaXKeTCsl, 4YTO B JAaHHOM OIIPECTICHUH COACPIKUTCS TIOPOYHBIN KPYyT, OHO Ha
caMoM JieJIe He XyXK€ MHOTUX JPYTUX, IMOCKOJIBKY MaTeMaTHYECKUE CTPYKTYPHI
MMEIOT HECKOJIBKO TOYHBIX OMpPEACTICHUN. YK JTydllle IMETh HECKOJIBKO TOYHBIX
PacXOISIINXCS ONPE/ICTICHNH, YeM He MIMETh HU OJJTHOTO JINOO HMETh TOJIBKO OJTHO,
HO 3aBE€JIOMO HEMOJIHOE

Enusblii 1 BecbMa OOIIUIA MOJX0M NOTpeOOBajcs B MareMaTHKE, B 4aCTHO-
CTH, TIOTOMY, YTO TPH €€ CTUXUHHOM Pa3BUTUU IUIOJUTCS BEIMKOE MHOXKECTBO
MOOOHBIX IPYT IPYTy TEOPEM, CBECTH KOTOPHIE BOSITMHO MOXKHO JIUIIIb Yepe3 uie-
QJIbHBIC TTOHATHUS 00JIee BHICOKOTO YPOBHS, Y€M UCIIOJIBb3yEeMbIe B KaXKIOW Teope-
me. Tak, 6ecuncnennslie TeopeMsl Koy B anannse ObIIM CBEAECHBI K HECKOJIBKUM
0a30BbIM (popMaM TPH CO3AHUU COBPEMEHHBIX TOIIOJIOTHH U (PYHKIIMOHAIEHOTO
aHanu3a. Teopus TpynI, a U3 Hee — COBPEMEHHas are0pa MOSBUIIUCH B PE3YIlb-
TaTe ynopsJ0YNBaHUs MHOKECTBA (POPMYIHPOBOK 00 MHBAPHAHTHBIX CBOMCTBAX
CHUCTEM IpeoOpa3oBaHuil OO cucteMm KopHel ypaBHeHHi. Ho 1 B coBpemMeHHOi
anreOpe nosBIIIOCH B Hayase XX BeKa BEJIMKOE MHOXECTBO ITOO00HBIX JPYT ApY-
Iy TeopeM o ToMmoMopdusmax, o pakropuzarmu, o NpeacTaBIeHusX. A 4ToObI UX
YHU(DUIIUPOBATH, Ha 10 OBIJIO MOJHUMATHCS Ha CISAYIOe 3TaxHu. M, HakoHel, U3
HEOOXOJMMOCTH ITPe0OPa30BhIBATH MOHATHUS U3 AIT€OPhI B TOTIOJIOTHIO H 0OPAaTHO
poAMIIack TEOPHs KATETOPHIA M COBPEMEHHBIC alreOpandeckast TOTIOJIOTHS U ajre-
Opandeckasi TeOMeTpHsI.

BHecnu cBOIO JlenTy B pa3BUTHE BBICIINX MAaTEMAaTHYECKUX CTPYKTYP HH(OP-
MaTuKa U KOTHUTHUBHAs HayKa. TUIBI JaHHBIX U aJTOPUTMUYECKHE SI3BIKH BBICO-

®3)

1Tem Gonee uTo B ciIyuae Ge3aIbTEPHATHBHOCTH CIIMIIKOM BEJTHK COOJa3H OOBSABUTH JAHHOE
ONpECACICHUC UCTUHHBIM.




v BBEJIEHHUE

KOT'O YPOBHS NOTPeOOBaIN U MareMaTU4eCKUX MOJIEJIEH BBICOKOTO YPOBHS. A B
KOTHUTUBHOW Hayke Mpo0jeMa MOHATUH, 3aBUCALIMX OT KOHTEKCTa, IPUBOJIUT K
TOMY, YTO JJa’K€ MECTOMMEHHUE “si” TpeOyeT /sl CBOEro OonucaHus (GyHKIHMOHAIA
OYEHb BBICOKOTO MOPSIJIKA, BKJIFOYAIOIIETO U TOBOPSIILIETO, U €r0 OKpY>KEHHUE. A 4TO
YK TOBOPUTH O 00J1€€ CI0KHBIX KOHCTPYKIHSIX!

Heo6xonumocThs €1MHOro B3MIAJa Ha MaTeMaTUKy BaXKHa U IIOTOMY, YTO Hau-
Oosiee BaKHbIE M KpacHBbIE METOJIbl BOSHUKAIOT ITPU HABEJEHUU MOCTOB MEXIY
Ha TEPBbI B3I Pa3HOPOAHBIMU MaTeMaTHYECKUMHU NOHATUAMU. [Tpumepamu
371ECh SIBIISIIOTCS] COBPEMEHHAs! TEOPHUsl KOJMPOBAHUS, TEOPUsI aBTOMATOB, ajredpa-
N4ecKasi TeOMETPHsI U MHOTHUE JIpYTHE.

[TosToMy 515 TEX, KTO coOMpaeTcst KBIM(PUITMPOBAaHHO 00padaThIBaTh CIIOXK-
HYI0 HH(pOpMaLMIO, HEOOXOAUMO NMPEACTABIATh MATEMATUKy KaK €JUHOE ILIeoe
¥ JTydIlle BUJETh B3aMMOCBS3M MaT€MaTUKU C TOW CHCTEMOI® 3HaHHii, KOTOPYIO
HaKOIIWJIa COBPEMEHHas HayKa (M He TOJIbKO HayKa.)

PaccmoTrpum napy npumepoB, KOIia COOTHOIIEHUS MEX]Ty pa3HbIMU 00JIacTs-
MU MaTe€MaTHKH MTO3BOJISIOT OBICTPO pelaTh 3a/1auu.

Hpumep 0.0.1. PaccmoTpum matpuuHoe ypasHeHne A? = E ans o6bI4HbIX
ABYMEPHbIX MaTpuu. YTobbl NOYTM HAYMUCTO UCKNHOYUTDL BbIYUCNEHUS MPU
ero peLleHnn, 4OCTaTOYHO BCMNOMHUTL CMblici MaTpuu. OHK 3a4atoT NMHeN-
Whle npeobpasoBaHNst COOTBETCTBYHOLLErO NPOCTPaHCTBA. 3HAUYNT, HYXKHO
HaNTU onncaHue oTobpaXkeHuK, KoTopble 06paTHblI camum cebe, unu xe,
Apyrumn cnosamu, NPUMEHSISICb ABa pa3a, JatoT ToxaecTBeHHoe. Ho Ta-
Kne oTobpakeHus ABNATCA KOMMO3MUMsIMU NOBOPOTa Ha 180° 1 oTpaxe-
HUA OTHOCUTENbHO HEKOTOPOW OCU, MPOXOAsLLEen Yepe3 Havyano Koopau-
HaT. PopMynbl 4518 OTPaXeHUst OTHOCUTENBHO OCU Nerko Nnbo BbIBECTH Ca-
MMM, NTMOO NOCMOTPETL B 0OLLIEAOCTYNMHOM CrpaBoYHMKE (Hanpumep, [4]).

IIpeamnonaraemMpie 3HaHUS

W3ydenue 1aHHOTO Kypca JOIDKHO CJIe/I0BaTh 3a 0a30BBIMHU KypCaMu aHaJIH3a, [e0-
METPHHU C TOMOJIOTHEH, IOTHKH U aareOpbl. [IOCKOIBKY OIMBIT MOKA3bIBAET, YTO HA
YPOBEHb H3JIOKCHUS GANCHEUUUX NOHAMUL U OCHOBHBIX UOell B JaHHBIX Kypcax
[0JIaraThCsl HENb3sI, TO 3HAHUS B JJAHHBIX 00J1ACTSAX MPEIIOIaraloTCs caMble py-
nuMenTtapHblie.® Ouenb XKeaaTeIbHO 3HAKOMCTBO C y4eOHBIM TocobueM [B], XoTs
ObI ¢ ero MepBoi 4acThio. B HEKOTOPBIX Cllydasx B JaHHOM MOCOOMH UMEIOTCS U
psIMBIE CCBUIKH Ha [B)].

2]Tu60, 110 MHEHHIO CKENITHKOB, Ky4ei.

3B KadecTBe aHEKIOTHIECKOTO prMepa MOXKHO TIPHUBECTH TO, YTO B Kypcax MaTeMaTHIeCcKOro
aHaM3a HeTPUBUAIHLHOE U IOCTATOYHO MTUPOKO UCITOIB3YEMOE MOHSTHE ITOIITOCICA0BATEIIEHOCTH
YIOPHO CUUTAETCS CAMOOUEBUIHBIM U HE OTPEIEIISETCS CTPOTO.




ImaBa 1

ba3oBbie CTPYKTYpbI

B nanHoii raBe BBonsATCs 0a30BbIe CTPYKTYPHI, IPUMEHSIEMbIE B MaTeMaTHKe, 6e3
yri1yOneHus B uX 0COOEHHOCTH U COOTHOIIICHHUSI.

1.1 MHoxecTBA M KJIACCHI

B coBpeMeHHOI MaTeMaTHKE ITOHATHE MHOXKECTBA ABJIETCS OAHUM U3 LEHTPAJb-
HBIX M OKYTaHHBIX HauOOJIBIIMM YHCIIOM IpeApaccyakoB. MHOXeCTBa SBISIOTCS
IpexkJIe BCEro yI0OHBIM CPeJICTBOM IPEBpaIlaTh BHICKA3bIBAHUS B OOBEKTHI U, CO-
OTBETCTBEHHO, OIEPALMU HaJ| BHICKa3bIBaHUSAMH B (pyHKImHU. [Ipn 3TOM J0THKA
TEOpUU MepexoquT B anredpy. Jlydiie Bcero oxapakTepu3oBaTb MHOXKECTBO Kak
“enrHOe MMS JUIsI COBOKYIMHOCTH BCEX OOBEKTOB, OOJIaaroIIMX JaHHBIM CBOM-
ctBoM." Ho 3T0 npeiokeHne, KOHEYHO K€, HE MOXKET CUUTATHCS ONPEIeTIEHUEM.

IIbITasice BEIPa3uTh HA TOYHOM SI3BIKE IJAHHYIO Xapakrepusanuto, I. @pere npu-
hIel K CIEAYIOWEN onepayuu c6epmkiu.

Omnpenenenne 1.1.1. Knacc Bcex 06bekToB, 06nagatoLLmnx cBONCTBOM A(z),
obosHavaetcs {z | A(x)}. Ecnrm Y = {z | A(z)}, T0 A(z) Ha3bIBaeTca xa-
pakmepucmu4eckum ceoticmseom knacca Y, a Y — cgeepmkol npegukara
A. Mo onpepenennio Y, BbINOMHEHa crieaytoLlas 9KBUBanNeHTHOCTb:

Yyl €Y & A(y)).
D,Ba Knacca CHUTakTCA paBHbIMU, €CJTN UX XapaKTepPUCTnU4eckmne CBOWCTBa

aKBUBaneHTHbI (ceolicmeo ob6bemHocmu).2 (MacTo aTo BbIpaXaloT CrioBa-
Mu: “Knaccobl paBHbl, €CIY OHU CoAEepXXaT OOHU 1 Te Xe aneMeHTbl.”) Knacc

MBI HCTIOTB3yeM TePMUH KIacc, 3 He MHOKECTBO, TIOCKONBKY JaHHbII TEPMHH B COBPEMEHHOM
MaremaTuke 0oJiee OOIIMI, OH OXBAaThIBAET, B YACTHOCTH, M MHOXKECTBA.
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ITIABA 1. BA30OBBIE CTPYKTYPhBI

X BrnoxeH B knacc Y (X C Y), ecnu xapaktepuctnyeckoe CBOMCTBO Y
cnefyet n3 xapakrepuctunyeckoro cesonctea X . [ockonbky

(A& B)& (A= B)& (B=A),

X CcYwnY C X Torga v Tonbko Toraa, korga X =Y.

He Bcsikoe BBIPa3MMO€ Ha I3bIKE JIOTUKU CBOHCTBO MHOYKECTB OIPEIENsieT MHO-
’KecTBO (Ha caMOM JIeNe MPOIIE BCEro 3/1ech MpUMep u3 napagokca Paccena: He-
cyuiecTBoBanue {z | * ¢ x}). B cOBpeMEHHON MaTeMaTHKe HPHHITO COBOKYII-
HOCTH MHOXECTB U JIPYTHX MareMaTHYeCKUX 0OBEKTOB, YIOBICTBOPSIONIHNX JIaH-
HOMY CBOWCTBY, Ha3bIBaTh Kidccami. B TpaJUIIMOHHON JIOTHKE MOHATHE Kiiacca
03HAYAII0 COBOKYITHOCTh OOBEKTOB, YIOBICTBOPSIOLINX JaHHOMY CBOMCTBY. I. KaH-
TOp, CO3IaTeIh TEOPUH MHOKECTB, BBEJI HOBOE IMTOHSATHE TOTOMY, YTO CTAJl paccMma-
TPHUBATB CAMU MHOICECIBA KAK NeMEHNbl MHOJcecm@. I103TOMy 4acTo MpHHUMA-
eTcst creyroniee GopMaabHOE OpeIeICHHUE!

Onpenenenne 1.1.2. MHOXXecmeo — Knacc, KOTOpbI MOXET ObITb anieMeH-
TOM OpYyroro knacca.

Kiaccel, He sBisfoLIMEcs MHOXeCTBaMU (MMEHHO TaKoW CMbICT OOBIYHO Kila-
JIBIBACTCSI B TEPMUH ‘KJacc' INpH ynoTpeOJIeHHH B MaTeMaTHYeCcKUX paborax) He
MOTYT OBITh JIEMEHTAMU JIPYTUX KJIACCOB, U TeM Oosiee MHOXKeCTB. Takum oOpa-
30M, KJIaCChl paCCMaTPUBAIOTCS CKOpPee KaK COKpAIEHHs, a He KaKk 00beKThI. Jlo-
Ka3aHo, 4TO JJ00aBJICHHUE KIACCOB K OOBIYHBIM TEOPUAM MHOXKECTB HUYETO CyIle-
CTBEHHO HE MEHSET.

ToxaeCTBEHHO UICTUHHOE YCJIOBHE, HAIIPUMEDP T = X, ONPEAEIAET “MOJIHbII
kjacc. Ho mosHeli kinace sBasSeTCs MHOKECTBOM HE BO BCEX IPUHATBHIX TEOPUAX
MHOXeCTB. Eciii HEeT moJTHOro MHOXKECTBA, TO BCTYMAET B CBOM IpaBa KOHTEKCT, U
MBI BCIIOMMHAEM O TOM, YTO HEOTHEMIIEMBIM 3JIEMEHTOM MaTeMaTu4eckoi HHTep-
IpeTaluH ABJISETCS YHUBEPC — MHOXECTBO BCEX PaCCMAaTPUBAEMBbIX B IAHHOH Te-
opuu npeamMeToB. OUeBUHO, YTO TOKIECTBEHHO UCTUHHOE YCIOBUE ONPEAEIAET
YHHUBEPC, U TOKJIECTBEHHO UCTUHHBIE ()OPMYIIbI, OTHOCSIIUECS K pa3HbIM TEOpHU-
SIM, OTIPENIEISIOT pa3Hble YHUBEPCHI.

Brtopoii U3 mpocTelmux KiaccoB, W Yalle BCEro BcTpedaromieecs B hopmy-
Jlax — MyCcToe MHOXKeCTBO (), BooOwIe He comepikaiiee deMeHToB. OUYeBHIHO,
YTO IIyCTOE MHOYECTBO 337a€TCS TOXKJIECTBEHHO JIOKHBIM XapaKTEPUCTHUECKUM
CBOMCTBOM, U COOTBETCTBEHHO, BCE ITyCThlE MHOXECTBA paBHbI. [lycToe MHOXeE-
CTBO BO BCEX M3BECTHBIX B JIAaHHBI MOMEHT TEOPUSX MHOXKECTB SIBJISIETCSI MHO-
KecTBOM. [lanee, ono aensiemcs eouncmeennviM K1accom, 01 KOMopo20 MOdicem
Hapyuamvcs popmanoHo NOHUMAEMOoe C80LCMB0 00beMHOCHU, TIOCKOIIBKY, €CIH
B TEOPUH NIPUCYTCTBYIOT CYLTHOCTH, HE ABJIAIOLINECS MHOXKECTBAMHU, TO OHU TaK-
e He MMEIOT 51eMeHTOB. 2

ZCTPOFO TOBOpPs, B JaHHOM CJIy4yac MaT€MaTU4CCKU HETIPOTUBOPECYUBOEC ONMMCAHNE KOHIICTITY-




1.1. MHOXECTBA U KJIACCBI

B Hacrosmuii MOMEHT UMEETCs TPU THUIIA TEOPUI, KOTOPBIE OIMCHIBAIOT ITOHSI-
THE MHOXKECTBA. [IepBbIii N3 HUX BO3HUK, KOTZJA MOCJIE OCO3HAHUS HECOBMECTHU-
MOCTH C KJIACCHYECKOH JIOTMKOH (M BOOOILE ¢ TPAJAUIIMOHHBIM IIOHATUEM UMILIN-
Kalliy, KaK nokasayu Kappu) momHoro npuHImna CBEPTKH, CTAJIU MBITATHCS aKCHO-
MaTH4YECKH OIHACATh MHOKECTBA, IPUMEHBIIMECS B MareMaTuke. HesBHOM npen-
IOCBUIKOM TaHHOTO NOAXO0A ABIIAETCS TO. YTO MHOXKECTBA PACCMATPHUBAIOTCS KaK
HEKOTOpbIEe MMEIOLIHECs CYIIIHOCTH, KOTOpbIe Ha/l0 oxapakTepu3oBaTb. Hanbomnee
U3BECTHOM M LIMPOKO MPUMEHIEMOU U3 TEOPHUM MHOXECTB TAKOI'O COpTa CTala
teopus Liepmeno-®Ppenkens ZF. SI3bIK JaHHON TEOPUU CONEPKUT J[Ba OMHAPHBIX
npeauKara € U =, He COJEP’KUT HU KOHCTAHT, HU (PYHKUUNA. AKCHOMBI €€ clieay-
IOIIHeE!

1. Akcrmoma 06 bEMHOCTMU:
VX, YVz(ze X zeY)= X =Y)
ECJII/I MHOXECTBA UMCHOT OJHU U TEC KC DJICMCHTBI, OHAU paBHLI.

. [lycToe MHOXecCTBO:
AXVex ¢ X

. ﬂ,ByXSJ'IeMeHTHOG MHO>XeCTBO.

Ve,ydXVz(ze X & z=aVz=y)

. 06bep,|/|HeH|/le MHOXeCTBa MHOXECTB.
VXIYVylyeY & dz(ze X &ye<x)
(aT0 MHOXeCTBO 0603Ha4aercst mpocto | J X.)

. MHOoXecTBO BCcex NOAMHOXECTB.
VX3AYVZ(Z €Y &Vi(z e Z =z € X))

MHoXecTBO Bcex MoaMHOKeCTB X obo3Havyaercs P X.

. Akcroma nogctaHoBku. Ecin X — muoxkectBo, uVr(r € X = Iy A(z,y),
TO

{y|3e(z € X & A(z,y))}

TAaKXC MHOXCCTBO.

aJIbHO IPOTUBOPEUNBO, IIOCKOJIBKY CYLIHOCTH, HE ABJISIONIMECS MHOXKECTBAMHU, CBAJIUBAOTCS B OJI-
Hy Ky4y C MHO>)KECTBaMU U HE JJa€TCsI HUKAKUX CPEACTB UX Pa3Inyarh.
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7. Akcnoma 6eCKOHEYHOCTU:
CYH_ICCTByeT MHOXECTBO, y KOTOpOl"O €CTh UHBECKIUA CaMOT'0O B ce6;1.

f: X=X &
AX3f | Ve,yre X &ye X & fla)=flyy=z=y) &
Jy(y € X &Va(z € X = f(z) #y))

8. Akcmnoma Bblbopa:

VX<VY(Y€X:>EIyy€Y) ;s>
If(f: X - UX&W({Y eX=fY)ecY)

9. Akcnoma peryndapHocTu:
VXdr(ze X &~Fylyer & ye X))

CyTb ee B TOM, YTOOBI 3alPETUTh CUTYAIlMH BUJA T € x. DTa akCHoMa CIIy-
JKUT MPUMEPOM TEXHUUECKUX YITy4IIEHUI, HEOOXOMMBIX B KaX/10H HOBOI
TEOPHH JUIS €€ JIOTHYECKOTO 3aMbIKAHHUS .

KonTparno3uimeir akcuoMbI OICTAHOBKH MOTY4YaeM, 4To, eclii X — KJacc, ¢ —
WHBEKTUBHOE 0TOOpakeHne X B Y, T0 Y — Takxke Kiacc.

Teopuu ZF noctaTouHo, 4ToOb! ONUcaTh OOJBIIMHCTBO CTPYKTYp, BCTpeUaro-
IIMXCSl B COBPEMEHHOW MaTeMaTHKe, HO MHOT/IA €€ TOIOJIHAIOT HOBBIMY aKCHOMA-
MU, OCTYJIUPYIOIMMU CYIIECTBOBAaHUE “OYEHDb OOIBIINX~ MHOMKECTB.

[pyroe HampaBiieHHE UJIET OT UJI€U CTPOTOM TUITN3aLKU U 6a3upyeTcs Ha Ipe-
MOJIOKEHUH, YTO MHOXKECTBA SIBIISIFOTCSI UJCATbHBIMU KOHCTPYKIUSIMHU, KOTOPbIE
HYHO [TOCTPOUTH TaK, YTOOBI OHU COCTABIISUIM KOHIIETITYaIbHO €IUHYIO CUCTEMY
u o0ecriedrBay Obl MOIIHbIE OKOJIbHBIE ITyTH B JIOKA3aTeIbCTBaX. BriepBbie ObLI0
[I0Ka3aHO, YTO Ha UJIEE CTPOrOM THUIIN3ALNUU MOKHO ITOCTPOUTH MPAKTUUYECKH BCIO
MaTeMaTHKy, B QyHIaMEHTaIbHOU TpexToMHOI MoHOrpaduu [Ix. Yaiitxena u ero
yuenuka b. Paccena [8], koTopble pa3aenuin MHOKECTBA HA TUIIBI U Pa3peIIIn
UM COJIepXKaTh JIMIIb 3JIEMEHThI NpeAblAyIero Tuna. TakuM oOpa3oM, OTHoOILIe-
HUE TPUHAJIEKHOCTH Pa3peNIaeTcs MCIOIb30BaTh Juiib B popme X' € Y e
BEPXHUMHU MHJIEKCAMH OOBEKTOB SIBIISIOTCS TUITBI. COOTBETCTBEHHO, B PABEHCTBE
TUIIBI 0OBEKTOB JIOJIKHBI COBMA1aTh. KBAaHTOPHI HABEIINBAIOTCS TAKXKE IO TUITU3HU -
POBaHHBIM NepeMeHHbIM. [lociie Takoro orpaHn4YeHHst BOIPOC O MHOXKECTBE BCEX
MHOXKECTB y’K€ HE BCTAaeT, a CBEPTKa OKa3blBaeTcsa Oe3BpeqHOi. Brocnenctsun
KOHCTPYKIIMU TEOPUH TUMOB OblIM 0000111eHb! 1 yripotieHs! JI. XBucrekom u Jx.
PamceeM. XBUCTEK OTOPOCKI BTOPYIO HepapxuIo,® conepskapinyrocs B [8]. Buy-
TPH KaXJIOTO THIIA, KPOME HYJIEBOI0, KOTOPBIN COCTOSUI U3 ‘BHEIIHUX OOBEKTOB,

3Ha camom Jiesie Takke HEHHYIO U MONE3HYIO.




1.1. MHOXECTBA U KJIACCBI

MHO)KECTBa OBbUIM Pa3[elieHbl Ha nopsAO0Ku, WU ciou. B onpeneneHnn MHOXKeCTBa
CJIE/IYIOIIETO NOPsIIKAa MOJIH OBITh JIUIIIb KBAHTOPBI [0 MHOXKECTBAM MPEJIbITYIIMX
nopsiakoB. Ho camu aBTops! [8] B 3HaUUTENBHOW CTENEHU BBIXOJIOCTHIIN AaHHYIO
KOHCTPYKIIMIO, TIOCTYJIMPOBAB, YTO JJI KaKJI0OT'0O MHOXKECTBA CYIIECTBYET PABHOE
eMy MHOxkecTBO 0-ro mopsika.?. Pamceii HezaBrcuMo ot XBHUcTeka (KOTOpbIii ormy-
OJMKOBaJl CBOIO pabOTy Ha MOJILCKOM SI3bIKE U OHA, COOTBETCTBEHHO, OCTalach
HE3aMEUCHHOM) CJIeNIall TO K€ YIPOICHNE U ITOKa3aj, YTo JUI N30exaHus mapa-
JIOKCOB JIOCTAaTOYHO 0CIa0UTh TpeOOBaHUE CTPOToW TUITM3ALMH U pacCMaTpUBaTh
KYMYISMUGHYI0 Meopuio munoe, B KOTopoi B npuHamiexnoctn X' € Y7 4 < j.
Taxkum o0pa3oM, KaXKIbli CIEIyIOMINNA THUIT BKJIFOYAET 3JIEMEHTHI BCEX paHee I0-
CTPOCHHBIX TUIOB. JlaHHas KOHCTPYKIHUS JaBajia BO3MOKHOCTb BBIPAa3UTh MpaK-
THUYECKU BCE, YTO HY)KHO MaTeMaTHKaM, HO ‘HECKOJIbKO CKOBBbIBaJla CBOOOIY HX
BBIPAKEHMS', 3aCTaBJISAS BCE-TAKHU CICIUTh 3a TUIIAMU BBIPAXXEHUH, a MaTeMaTUKU
He IIPUBBIKIIN JIEHCTBOBATh aKKYPaTHO B TEX CIIy4asix, KOTAa 3TO HE IUKTYETCs Ma-
Temaruyeckor Tpaauuuen. [TockonbKy Torna emie He ObUIO IPOrpPaMMHUPOBaHUS,
KOTOPOE 3aCTaBUIJIO OBl X CKUTHCS C UJEEH TUIIOB, OHU Tipeanowin ZF.

B Teopuu THUMNOB, MOMUMO aKCMOMBI CBEPTKHU, HY>KHBI JIUIIb aKCHOMa OeCcKo-
HEYHOCTH (M JINIIB JUIsl HYJIEBOTO THIIA, /IS ‘ BHELIIHUX OOBEKTOB’) M aKCHOMa BBI-
6opa. Ho tunmsanus umeer onuH HepocTarok. OHU U T€ Ke ONpPEeTCHUS Mbl
BBIHY’K/JICHBI JOCIIOBHO IIEPENMUCHIBATH ISl PA3HBIX THUIIOB.

B xauecTBe TpeTheil anbTepHaTUBBI, ONUCHIBAOIIEH HepopMaIn3yeMoe MoHs -
THE MHOXeECTBa, paccMoTpuM Teoputo KyaitHa NF. Ona Bo3HUKIIA U3 HIeH Ipe-
OJI0JIETh TEXHUYECKHE TPYJAHOCTH, CBA3aHHBIE CO CTPOTOM TUIIU3ALUEH, ITyTEM CTH-
paHusI TUIIOB.

Onpenenenne 1.1.3. Popmyna HasbiBaeTca cmpamughuyupyemou, eCrii MOX-
HO NpPUNMCaTb TUMNbl BCEM BXOASLLUM B Hee 06bekTaM Taknum obpasom, 4To-
Obl B pesynbraTe nony4vmnack hopMyrna Teopum TUMOB.

Hampumep, popmymna

reus Irez&zey),

BBIpAXKaroIasi HaJIM4le MHOXKECTBA Uzey z, crparudunupyema, Takosa xe Qop-
MyJa £ = x, OTPEIEIISIoNIas MHOKECTBO BCEX MHOXKECTB, a BOT Gpopmyna r € x
TaKoil He IBIIsIETCS.
Teopust MEHO)kecTB NF mMeeT Bcero JBe akCMOMBI: aKCHOMY OOBEMHOCTH U
MPUHITUI CBEPTKH, OTPAHHMYCHHBIN CTPaTH(OUIIMPOBAHHBIMH (POPMYJIaMHU.
Mo:xeTe CIpOoCHTb, HO KaK TaKasi TEOpHUSI MOJKET OBITh HEITPOTUBOPEUNBA, BEb
B HEHl €CTh MHOXECTBO BCEX MHOXKECTB |/ M BEIBOAMMBI HECTPATH(PHUIIMPOBAHHBIE

“Mnavye HUKAK HE yaBaJI0Ch IOCTPOUTH BEPXHEH TPAHHU JUTA OTPAaHHIEHHOTO MHOKECTBA JIeii -
CTBUTENBHBIX YHCEI
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yYTBEpXKACHUA TOXKe, Harpumep, V' € V' ? Jla, B Hell BBIBOIMMBI HEKOTOpPbIE HECTpa-
TU(UIIMPOBAHHBIC YTBEP)KICHUS, HAPIMEP, HECYIIIECTBOBAHUE MTAPa0KCATHHO-
IO PacceloBCKOTO MHOXKECTBA!

~3XVe(zr e X &z ¢ ).

A Bot yTBepxkaeHue V. € V He mpocTo 10Ka3yemo, OHO U CTpaTuUUupyeMo.
Benp xoHCTaHT B Hamieil Teopur HET, V' BBOAMTCS B PE3yJbTaTe OMUCATEIBHOTO
onpenenenust kKak X Va(z € X < x = z). PacuudpossiBas V' € V, mony4aem
YTBEP)KJICHUE, B KOTOPOM Pa3HbIM V' COOTBETCTBYIOT pa3Hble CBSI3aHHbIE IEPEMEH-
Hble. Tak 4To 11000€ KOHKPETHOE, OTHO3HAYHO OTIPEICIIEHHOE MHOKECTBO MOXKET
MUMETb Pa3HbIC TUITHI B PA3JIMYHBIX CBOUX BXOXKICHUSX.

B teopun NF nokassiBaercst akcnoma 0€CKOHEUHOCTH, JIOKAa3bIBAIOTCS IPYTHE
akcuombl ZF, MOCTYIUPYIONINE CYIIeCTBOBaHHE KOHKPETHBIX MHOXECTB (B aKcH-
OMe MOJICTaHOBKH (opmyina A(z, y) nomKHa ObITh CTpaTH(UIIUPOBAHA), HO OTIPO-
BEPraroTcs akCoMa BbIOOpa U aKCHOMa PETYIISIPHOCTH.

JlnuTenbHas UCTOPUS pa3BUTHS HccienoBaHmii BOKpyr NF, koTopsie HUKoTIa
HE MPEepBIBAJIKCh, HO TEKJIM BEChMa BSUIO, IPHBEJIA K YCTAHOBICHHEO MHOTHUX JTFO-
OONBITHBIX (PAaKTOB. AKCHOMa MaTeMaTH4eCcKOi MHIyKIuH BbinonHeHa B NF numib
JUTSE CTPaTUUITMPOBAHHBIX (POPMYI, a ee 100aBIeHHE ISl IPOU3BOIBHBIX TPHBO-
JIUT K PE3KOMY YCHJICHHIO TEOPHH U, COOTBETCTBEHHO, CHU)KEHHIO CTETICHHU TpaB-
JIOTIOZIOOHS ITPETTOIOKEHHS O €€ HETIPOTHBOPEYMBOCTH. TeM He MeHee HU B CaMOi
NF, Hu B ee ycuieHUn akcHOMON MHIYKIMU MPOTUBOpEUHi He HaieHo. Hukak
HE yJaeTcs U CpaBHUTH cuity aAByX Teopuit NF u ZF.

Jlnis HammX 1enei CyiecTBeHHo cienyroniee pacirpenue reopuu NF. Boss-
MEM IPOU3BOJIbHOE MHOXKECTBO D), siBHO omnpenenumoe B ZF. Bo3pMeMm Takxke
MHOYKE€CTBO BCEX €T0 IMOIMHOXXECTB, U T.1., HA CTOJIBKO 3TaXEW, Ha CKOJIBKO 3TO
HeoOxomimo. Beenem B NF HOBBIH McXoqHBIH Tipeankar ‘ 6bith 06bexToM’ Ob(z),
OOBEKTHI HE COJEpIKaT JIEMEHTOB U aKCHOMa OOBEMHOCTH OIpaHHYMBAETCS Ha
MHOXKECTBA, T.¢. Ha 3Ha4eHUsI, 171 KOTopbix — Ob(x). B ctpartuduimpyemsix dop-
MyJax Bce OOBEKTHI MMEIOT OJIUH U TOT ke TuIl. Torna, ecan NF HenmporuBopeun-
Ba, TO IMEETCSI MOZIEIb PACIIMPEHHOM TEOPHUH, B KOTOPOH MHOXKECTBO OOBEKTOB B
TOYHOCTH JIaHHOE MHOXECTBO 1), MHOXECTBO MHO)KECTB 0OBEKTOB — MHOXECTBO
B D.B Takoe pactmpenune NF HexoTopoii crpykrypoii S nazosem NFg.

YnpaxkHenusi k 81.1

1.1.1. Ilokaxwute, yto B Teopun NF Henb3st BOCNONB30BaThCS KyMYISITUBHBIMU
tunamu Pamces (Ha caMoM jiejiie MPOTHBOPEYHE MOXKHO MONYYUTh, €CIH
crpaTuUKaIys HapyIIUTCs Bcero Ha 1 Tum).

53aMeTnM, 4TO eCIM MPOCTO OTPAHUUUTH AKCHOMY 00BEMHOCTH HEIyCTHIMU MHOYKECTBAMH, TO
NF Becbma ocnabmsiercs, B Hell y)Ke HENb3s ToKa3aTh aKCHOMY OECKOHEUYHOCTH M OHAa MOJICIIHpPY -
ercst BHyTpH ZF.
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1.1.2. Tlokaxure, uto B pactupernnn NF HaTypanbHBIMU YHCIIaMH U KX MHOXE-
ctBamu NFy 1715t BHOBb BBEICHHBIX HATYPaJIbHBIX YHCEN OyIeT UMETh MECTO
TTOJHBIN MPUHIMUIT MAaTEMATUYECKOU I/IH,Z[yK]_II/II/I.G

1.2 Tlopsinok

CrpykTypa nopsijika 3a/1aeTcsi OMHapHBIM OTHOILIECHHEM.

Onpenenenne 1.2.1. Ecnn oTHOWweHME TpaH3UTUBHO U aHTUPeNeKCMBHO,
OHO Ha3blBaeTCA OMHoOWeHUeM (Yacmu4Hoz20) rnopsidka n obosHavaeTcs
CUMBOSIOM < NGO MOXOXMMW Ha Hero (Hanpumep, =). Ecnn oTHOWweHne
TPaH3UTUBHO U pedNeKCMBHO, TO OHO Ha3blBaeTCH OMHoWweHuUeM rpeoro-
psidka n 0603Ha4YaeTCca CUMBOSIOM, MOXOXMM Ha < (Hanpumep, =). Yactnu-
HbI/ NOPSIAOK Ha3blBAETCH JSIUHEUHbLIM, €CIIA BbINOSIHEHO YCIOBUE

VeVy(e = yVe=yVy>x).

MHOX€eCTBO C OTHOLIEHHEM YaCTHYHOTO MOPSIIKA HA HEM Ha3bIBAETCS YACUY-
Ho ynopsaoouennvim muodxcecmeom (uym).* MHOXECTBO C OTHOLICHHEM MPEIIIO-
psinaKa — nym . MHOKECTBO € OTHOIIEHHEM JINHEHHOTO MOPSIKA — JUHEIHO YRO-
paoouenHoe MHoxcecmso (ym).

Onpenenenne 1.2.2. Npeanopsigok HasbiBaeTcsa cmpoaum rpednopsioKkom
(M Hecmpoaum NopsiOKOM), ECNW BbINOSTHEHO

VeVy(z =y &y =z =z =1y).

Mpennoxenne 1.2.1. R — omuowenue uacmuunozo nopsoka mmm R~ — om-
HOWeHUe YacmuyHo20 nopaoka.2

Jlig n300pakeHusl YaCTUYHO-YIOPSAJOYEHHBIX MHOXKECTB UMeeTCs rpaduye-
CKHUH ammapar, U3BeCTHBIN MO Ha3BaHUeM duazpammul I ecce. Ilpumep nuarpam-
mbl ['ecce cM. Ha puc. &5 Ha sTolt quarpamme, Kak BUIUTE, H300pakatoTCs HE BCe
napel U3 OTHOIIECHUS MOPSIKA. DJIEMEHT Yy OOJblle 3JeMEHTa &, €CIIU €CTh IyTh,
COCTAaBJICHHBIN M3 UIYIIMX BBEPX AYT AUAarpaMMbl, Beaymui u3 x B y. [Toatomy,
B YaCTHOCTH, HET HYX/IbI TPOBOJMTH AYTY, Hapumep, or O k 1.

BBeneM HECKOIBKO MOHATUH, KACAIOIINUXCS YIIOPSIOYEHHBIX MHOXKECTB.

5B NFy He ynaeTcs [0Ka3aTh SKBHBATEHTHOCTh BHEITHETO HATYPATBHOTO PSAIA C BHYTPEHHHM
HarypaibHbIM psiioM NF, HOoCKoNbKy U3 Hee ciiefjoBasia Obl akCHOMa WHTyKIIUH U1l BHYTPEHHETO
HATypaJIbHOTO PALA.

’CuMnaTHaHOE PyCcCKOE COKpAIEHHE ¥)M BBEIEHO HOBOCHOMPCKOM 1IKoIOoi. MocKkoBcKas Ma-
TeMaTH4eckas IIKOJIa ero He IIPH3HAeT, BUIMMO II0TOMY, 4TO B EBporie HM 4yMOB, HH YyMBI HET.

8310t MOpAIOK HA3BIBAETCA O6pamubiM K R.
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N, TN
N

Puc. 1.1: lnarpammsl ['ecce 1BYX Ba’KHBIX MSATHIIEMEHTHBIX MHOXKECTB

Onpenenenne 1.2.3. OnNemMeHT xy Yyma X HasblBaeTCcA HauboOIbWUM, ECNN

Vyly e X &y # xo = xo > ¥).

Taknm obpasom, oH Gonblue Bcex ocTanbHbIX. MakcumarnbHbIl aNeMeHT
He MEeHbLLE HUKAKOro Apyroro.

Vyly € X = -y = x).

CoOTBETCTBEHHO ONPeaenaTCs MUHUMAarbHbIU N HAUMEHbWUU 3NeMEH-
Tbl. QNEMEHT a Ha3bIBaETCs 8epPxHeU 2paHbio MHoXecTBa Y C X (0603Ha-
Yyaetcs sup Y nunbo (JY), ecnu

Ve(reY =z <aVzr=a)&
Ve(re X &z <a=JyyeY &r<y&(y<aVy=a))).

CooTBeTCTBEHHO onpeaensaeTcsa HMKHAS rpaHb (inf Y, (Y). BepxHasa (H1x-
HAK) rpaHb OBYX 3NeMeHToB obo3HavaeTcs a U b (a N b). Yym, B KOTOPOM
Y KaXXabIX ABYX 3JIEMEHTOB MMEETCSI BEPXHSISI U HYXKHSAS TPaHb, CYLLECTBY-
0T HAMBONbLUNIA U HAMMEHBLUNIA SNEMEHTbI, HAa3blBAETCA CMpPyKmypa nnm
pewemka. PelueTka Ha3blBaeTCSA 1OSIHOU, €CIN BEPXHUE U HUXKHUE rpa-
HW CyLLEeCTBYIOT y No60Oro NogMHOXECTBa 3NEMEHTOB. AHANOMM4YHO, YyMm,
Yy KOTOPOro €CTb HaMMEHbLUWIA 3NIEMEHT N BEPXHAS rpaHb Y nobbIx ABYX
311EMEHTOB, Ha3blBaeTCs 8epxHel rosypewemkol, a 4yM, y KOTOPOro ecTb
HanBOMNbLUNA ANIEMEHT N HWXKHSAS rpaHb Y nobblx ABYX 3NeMeHTOB, Ha3bl-
BaeTCsa HUXHeU rnosypewemkod. NonypeLweTkn rnosiHble, ecnn eCTb COOT-
BETCTBYIOLLAS rpaHb Y Ntoboro MHOXeCTBa 31EMEHTOB.

[TomypetieTky UTparoT BaXKHYIO POJIb MMPU OIICHUBAHWHW BETUYNH, I KOTOPBIX
YHCIIOBBIE OIICHKU HEKOPPEKTHBI. Harpumep, yacto pecypcbl, Tpedyemble IS BbI-
YHCIIEHUS POTPaMMBbl, ECTECTBEHHO MPEICTABIATh KaK BEPXHIOIO MOMYPEIIETKY,
MOCKOJIBKY SICHO, YTO 3HAUUT OOBEAMHHUTH PECYpPCHI JUIS BHIUMCICHUS ABYX IMPO-
rpaMM cpa3zy, HO BBICTUTH OOIIUE PECYPCHI ATHX MPOTPAMM 3a49aCTYFO 3aTPYIHHU-
TEJBHO.




1.2. ITIOPI/IOK

X
X

Puc. 1.2:He pemerka

Ha puc. &2 npuBeneH npocTeimmii npumep yyma, He SBISIOIIETOCs HU pe-
LIETKOM, HU IOy PEIIETKOU.

Pemerka oucmpubymueéna, ecny BBITIOIHEHBI J1Ba 3aKOHA AUCTPUOYTUBHOCTH
s U u

(1.1)

Mpenaoxenune 1.2.2. Pewwemka oucmpubymusna mozoa u moipsko moz2d. Ko2od
OHA He cOOepIHCUm NAMUIIEMEHMHBIX NOOMHONCECME, U3OMOPHHBIX UZ00PAHCEH-
HbIM Ha puc. &=

Onpenesnenne 1.2.4.YnopagoyeHHOE MHOXeECTBO £ HasbIiBaeTcst hyHOUpo-
8aHHbIM, €CNN A1151 HEro BbINOSHEH NPUHLUWN BO3BPATHOW MHAYKLUUK:

Vo € O(Vy € D Aly) = A(z)) = Vo € O A().

JInHenHoe yHaANPOBAHHOE MHOXECTBO Ha3bIBAETCA 8/10/THE YOPSIO0YEH-
HbIM.

Hpennoxenune 1.2.3. B nenycmom ¢ynouposannom uyme ecmv xoms Obl 0OUH
MUHUMATIbHBLIL 21eMEHM.

ﬂOKLBClmeJZbCWlGO. 3amnuiiem YCJIOBUEC
CyLiecTByeT MUHUMarbHbIA 3NEMEHT, He BONbLUNIA . (1.2)

DT0 yCIOBUE YAOBICTBOPSET MIAry BO3BPATHOW WHIYKIIUH, 3HAYHMT, OHO BBITOJI-
HEHO 151 Jito0oro anemenTa . Takum 00pa3oM, Mbl J0Ka3zaiau 00jiee CHUIIbHOE
YTBEPXKJICHUE: €CTh MUHUMAIILHBIA JIEMEHT, He TPEBOCXOSIINNA TPOU3BOIBHBIN
JaHHBIN. ]

Teopema 1.1. Yym ghynouposan mozoa u moavko moeoa, koeoa 10bas yovieaio-
was nocied08amenlbHOCHb NeMEeHMO08 KOHEUHd.
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Joxazamenvcmeso. Ilycte uym dynauposan. Torma ¢gyHaIupoBaHO U JH000€ €ro
HOIMHOXECTBO L. B camMoM ziene, MOJKHO BECTH BO3BPATHYIO HHAYKIHIO 110 (HOp-
myine x € Q = A(z), KoTopasi SKBHBAJICHTHA BO3BPATHON WHIYKIHMH Ha £J.
Bo3bMeM Teneps 1100y HEBO3PACTAIOIIYIO TOCIEA0BATEIBHOCTD (v AIIEMEHTOB
9. O603HaYMM MHOKECTBO 3HAUCHHH JaHHOH MOCIIENOBATEIBHOCTH uepe3 L.
— JIMHEHHO yMOpsJOYeHHOE TIOJMHOXECTBO ¥). B HeM, 1o npeaoxenuto d=2=3
€CTh MHHUMAJIBHBIH 3JIEMEHT @, KOTOPBIA B IAHHOM CIIy4ae sSIBJISICTCS U HAUMEHb-
M. OH SIBJISIETCS HEKOTOPBIM 3HAYCHUEM TIOCIIE0BATEIbHOCTH:

dna(n) = a.

BozemeMm Takoe n U 0003HauuM ero m. IIpu Beex k > m, ecnu a(k) onpenene-
HO, T0 (k) = a. Takum o6pa3oM, Jr00asi HeBO3pacTAOIIAs TOCIIEI0BATEIbHOCTh
cTabmm3upyeTcs Ha HEKOTOPOM IIare, 3Ha4uT, Jiro0asi yObIBaromas mocieaoBa-
TEJILHOCTh KOHEYHA.

Baxxnoe 3ameuanue!!

B nanHo# mosioBUHE JOKA3aTENIbCTBA HE UCTIONB3YETCsI 3aKOH UCKITIOUEH-
HOTO TPETHETO, TTOITOMY OHO MPUMEHUMO 3HAYUTEILHO IIUPE, YeM
KJIaccuvecKas MaTeMaTHKa. B 4acTHOCTH, KOHEYHOCTD ITOCJIEI0BATEIb-
HOCTEH MOYKET MCIOJIb30BaThCS MPH MOCTPOSHUH BBIYHCIUTEIBHBIX
anropuTMoB. BooOriie. moka3areabcTBO, U3 KOTOPOTO MOKHO €CTECTBEH-
HO MOJIYYUTh TOCTPOCHUE, HA3BIBACTCS KOHCMPYKmMueHviM. KOHCTpYK-
TUBHOCTH B YUCTOM BHJI€ HE HAKJIAbIBAET OIPAaHUYEHUIN HU HA pecyp-
ChI, TOTPEOIIsIEMBbIC TTOJTy9aeMbIM aITOPUTMOM, HH Ha CIIOKHOCTh HC-
MOJIb3YEMBIX BBIYMCIUTEIBHBIX CTPYKTYpP. OJHUM U3 KIACCUYECKHUX
MPUMEPOB TAKOH KOHCTPYKTUBHOCTH, KOTOpasi TIPHU npsimom TpuMe-
HEHHH JIAET.

® HEBOOOPa3UMO OOJBIIYIO CI0KHOCTh AJITOPUTMA U 110 BpEMEHH,
U 110 TTAMSATH;

e cro peanusanus TpedyeT CTPYKTYp UCKIIOUUTEIHHO BBICOKOTO
YPOBHS, HETOCTYTHBIX JINOO0 0€300pa3HO MII0X0 Pealn30BaHHBIX
KaK B CTAH/JIApPTHBIX, TaK U B HAanOOJIee paclpoCTPaHEHHBIX aKa-
JEMHUYECKHX CUCTEMaX NMPOrpaMMUPOBAHUS,—

SIBJISIETCA TOJIBKO YTO PACCMOTPEHHAs KOHCTPYKIIMS MEPEXoia OT BO3-
BpaTHOM MHIYKIIUU K PYHIUPOBAHHOCTH YOBIBAIOIIINX TTOCIICIOBATEITh-
HOCTEMN.

Tenepp mycTh M00ast yObIBaroImas Mociae0BaTeIbHOCTh KoHeuHa. JlokaxeM ot
IIPOTHUBHOTIO, YTO BBIIIOJIHEH IPUHIIUII BO3BPATHOM MHAYKIMHU. B camoM fene, mycTh
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TSI HEKOTOPOTO CBO#CTBa A(Z) BBIMOIHEHO OTPHUIAHKME BO3BPATHOW WHIYKIIUH.
Torma umeercst Takoe a € £, 9to — A(a), HO BMECTE € TEM Ilar HHIYKIMHU BBITOJ-
HEH JUIs BceX AlieMeHToB ). O003HaYMM a uepes3 ag. [IpuMeHsist KOHTPAITO3UIIHIO
K [Iary UHIYKIUH, TOJTy4aeM

= A(ag) = Jz(z < ap & 7 A(x)).

O0603HaYMM JaHHOE T Yepe3 ap. [IOBTOpsIs Te JKe ACHCTBHUSA. MOoIydaeM OeCKOHEY-
HYIO YOBIBAIOIIYO TOCIIEI0BATEIBHOCTD (;, YTO MPOTUBOPEUUT (DYHIAUPOBAHHO-
et L. O

HmeeTcs Tpu BaXKHBIX pe3ysIbTaTa O MOPSIKE, 3aBUCAIINX OT aKCHOMBI BBIOOpA.

Teopema 1.2. (Jlewma Llopna) Eciu kadxcooe tunetino ynopsioouennoe noOMHo-
JHCECMBO UYyMA UMeem BEPXHIOI0 2PAHb, MO 8 YyMe CYuecmeyenm MAKCUMATbHbIL
aNIeMeHM.

Lokazamenvcmeo. Ilpennonoxum nporusHoe. ITycTs kaxkaoe TMHEHHO yniopsiio-
YEeHHOE OJMHOXKECTBO UyMa X UMEET BEPXHIOIO IPaHb, HO HU OJTHOTO MaKCUMaJIb-
HOTO 3JIEMEHTA HET.

Bo3pmeM nmpou3BoibHBIHN 31€MeHT ag € X. [TocTporM Bo3pacTaroiyro opau-
HaJIbHYIO TIOCIIEI0BATENbHOCTD G, AIYIIYIO [10 8ceM OpUHAIaM.

J1s kaxaoro o a, HE MOXKET 0aTh MaKCUMAJIbHBIM 3JIEMEHTOM, M TIO3TOMY
MOYKHO BBIOPATH U1 KAK HEKOTOPBIH AJIEMEHT, OOJBIIUH ¢, (TPUMEHSS aKCHOMY
BBIOOPA). JIJIst Ipe/ieNIbHBIX OPIUHAIIOB MOJI0KUM

A = SUp ag.
B<a

ITo mocTpoeHut0, MHOKECTBO a3 IMHEHHO yIOPSAJ04EHO U HE MMEET HAaHOOIIBILETO
DIIEMEHTA, IIOCKOIIbKY dg < gg1. SHAYMT,

ao & {ap | B < a}.

Takum 00pa3oM, MbI IOIYYHIIH, YTO HEKOTOPOE MOJMHOKECTBO X SIBISIETCS B3a-
MMHO-OJHO3HAYHBIM 00pa30M Kjlacca OpIUHANIOB, HO MO0 aKCMOME TMOJICTAHOBKH,
TOT/Ia KJIACC OPJIMHAIIOB ObLT OB MHOXKECTBOM.

[ToryyeHHOE MPOTUBOPEUHE TOKAZBIBAET TEOPEMY. [l

Teopema 1.3. Kaosicooe mHodicecmso MOACHO 8NOTHE YROPIOOUUND.

Lokazamenvbcmeo. Bocnonbsyemcst ieMMoit Llopna. Pacemorpum MHOXecTBO X
BCEX BIIOJIHE YNOPsIIoueHUI Ha noaMHoxkecTBax X . Takum o6pas3om, ero aneMeH-
TaMH SIBISIFOTCS Tapsl (Y, <y ), Tae <y — monHbIi nopsiaok Ha Y C X. Yiops-
JIOYUM DJIEMEHTHI X CIIeAyIomUM 00pa3oM:

(Y1,<1) < (Ya,<9) © Y] C Yy &=<1C=y.
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Bcenomunast, 4To YaCTUYHBIN MOPAJOK — OTHOILIEHHE, T. €. MHOXKECTBO Iap, BU-
JIUM, YTO COMIACHO JAHHOMY ONPEACIEHUI0, <o MPOJODKAET <1 Ha Y. Bo3pMeM
Ternepb NMPOU3BOJILHOE JIMHEHHO ynopsiioueHHoe noamMuoxkectso Y C X. O0sb-
eIMHEHNE €ro 3JIEMEHTOB TakXke OyJeT a1eMeHTOM X', ¥ Mo3TOMYy K X MOXHO
npuMeHuTh Jiemmy LlopHa. Takum obpazom, B X' eCTb MaKCUMAaJIbHBII AJIEMEHT.
BosbmeM kakoit-mn6o MakcuMaibHbIH 37eMeHT X. OH 1 Oy/1eT HCKOMBIM TIOJTHBIM
MOPSIIKOM Ha X, TOCKOJIbKY, €CJIN ObI OH COZIEPIKall He BCE 3JIEMEHTHI X , TO MOYKHO
Ob110 OBl K HEMY JOOABHUTH €I OJIMH AIIEMEHT U CAeJaTh ero OOoJbIle BCeX cTa-
PBIX, TAKUM 00pa3oM, MbI paciuupuin 061 X, 1 X He ObUT ObI MAKCUMANBbHBIM. [

Teopema 1.4. Kaswcoviii wacmuunsiii NOPsIOOK MONHCHO NPOOOJIHCUMb OO0 TUHEUHO-
20 nopsoka.

Joxazamenvcmeo. 1lo nemme LlopHa, aHAIOTMYHO TPEABIAYIIEH TEOpeMeE, pac-
CMaTpHBasi MHOKECTBO BCEX PACHIMPEHHUM JTAaHHOTO YaCTUYHOIO MOPSIKa. [

Hanpumep, nexcuxorpaduyeckoe ynopsgoueHue KopTexeit OykB UCIOIb3YeT-
CA IPU MOCTPOCHUU CJIIOBAPEH.
VYnpaxuenus k §1.2

1.2.1. Yro sBAsieTCs BEpXHEH rpaHbio MyCTOr0 MHOXKECTBA AIIEMEHTOB ?
1.2.2. A HwxHel rpaHpi0?

1.2.3. YUro sBasieTcss BEpXHEH rpaHbIo BCEro uyma?

1.2.4. A ero HWXKHEHW TPpaHbIO?

1.2.5. Kaxkoii kj1acc 9yMOB ONPEIEISAETCS YCIOBUEM

Y no6b0oro KOHEYHOr0 MHOXECTBA 3NIEMEHTOB €CTb Bepx-

(1.3)
HAA N HWXKHAA TPaHb.

1.2.6. C xakumu U3 OTIpeIeNIeH I TaHHOTO TTaparpada B3anMOCBI3aHbI TPEIBIY -
mue 3a1a4n?

1.2.7. Ecimu R — nuHeiHBI OPAI0K, TO 4eM aBiusercs K17

1.2.8. Ecitu R — monHblil HOPAI0K, TO YeM siBasgercs R—17?
1.2.9. Ecnmu R — nuHEHHBIN MOPAI0K, TO SIBISETCS JH OH PELISTKONW ?

1.2.10. ChopmynupyiitTe KpUTEPHUA TOTO, YTO KOHEYHBII UyM HE SIBISICTCS peIieT-
KO, KaK MOYKHO OJIU3KHI K KPUTEPHIO d=2=2.
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1.2.11. Jlano creayroiiee onpezaeacaue (KOppeKTHOE):
INlym nonoH, ecnn oH SBNAETCS NOSTHOW PELLETKOMN. (1.4)

Pacmudpyiite ero. [ToHO 7111 MHOXECTBO IEUCTBUTENIBHBIX uncel R ¢ 00bI4-
HBIM TIOPSIJTKOM ?

1.2.12. JInst mpou3BOJIBHOM peleTku 3akoHbl (d=1) mpeBpalaiTcs B HEpaBeH-
cTBa. B kakue?

1.2.13. Kaxoii u3 3akoHoB (&=3) Bieuer apyrou?

1.3 AuareOpanyeckue CHCTEMBI

Hacrtano Bpems NOABITOXKUBAIOIUX U 00001aromuX onpeaeaeHuii. Mbl HauHeM
C KJIacca aneebpauieckux cucmem, BbIJICIEHHOTO BBIIAIOIIMMCS JIOTUKOM U aJire-
Opancrom A. V. ManblieBbIM, OCHOBAaTeIeM HOBOCHOMPCKOM LIKOJIBI anreOphl U
noruku. OH 00bEAUHSIET LEIYI0 COBOKYITHOCTh aJireOpanuecKux U JIOTMYECKUX
CTPYKTYp, HOIMYJSPHBIX B COBpeMEHHOW MaTemaruke. HauHem ¢ moHsTHS poda
cmpyKmypbl Wi cuenantypul.?

Onpenenenne 1.3.1. CueHamypa (pod aneebpauydeckol cmpykmypbl) o —

KOPTEX
<T7 C’ F? ]P)7 X> )

roe T — HenycToe MHOXeCTBO, Ha3blBaeMoe MHoXecmeom murog o, C —
MHOXECTBO KOHCmaHm o, F — MHOXeCTBO (hbyHKUUOHarIbHbIX CUMB0/I08
(pyHKyu), P — HenycTtoe MHOXeCTBO rpedukamHbIx cumeosios (rpedu-
Kamoes).

X — OToOpaxeHune (xapakmepucmuka), yooBneTBopsioLwee crnegyto-
MM YCINOBUSAM:

x(c) €T, ceC,
xX(f), feFuveersna (ry, ..., 7 = 7), 71, .., Tn, T € T.
X(P), P € Pumeer Bug (11, ..., 7)), 71, ..., Tp € T.

X (=) = (7, 7).

3amMeTuM, 4TO JaHHOE OINPECIICHUE OTIINYAETCS OT OMPECICHHS] CUTHATYPbI
B [8] auib B OTHOM OTHOIIIEHUH. Y HAC MOKET OBITH MHOTO MCXOIHBIX THIIOB.

epasiit TepmuH uaet ot H. Byp6aku, a BTopoit — 13 JIOMMKH. B KOHTEKCTe anreGpandeckux
CTPYKTYpP OHU — CUHOHHUMBI.
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Onpenenenne 1.3.2. Anneebpauyeckoli cucmemol CUrHaTypbl o Ha3blBaeTCs
oToOpaxkeHue (, yOOBNETBOPSOLLEE CNEAYIOLLMM YCIOBUSM.

1.{(r)#0pnareT.

2.{(r)N¢(m) #0 = 7 = aNa Beex 7y, € T.*2

- ¢(e) € Cx

4. Ecrm x(f
¢(7n), C(7)

5. Ecnm x(P) = (11, ..., Tn), P € P, 170 ((P) C (1) X -+ X {(Tn)-
6.C (=) = {(z,2) | = € ((7)}.

3peck 1 panee §(X,Y) — MHOXeCTBO (PyHKUMA M3 X B Y.

Ecnn MHOXeCTBO TMMOB COCTOUT U3 OQHOMO 3rIEMEHTa, CUCTEMA Ha3bl-
BaeTca 0OHOOCHO8HOU, ecnn Gornee Yem M3 OQHOM0 — MHO200CHOBHOU.
Ecnn MHOXeCTBO NpeankaTtoB COCTOUT NULLb U3 NpeaukaToB =,, TO CUCTe-
Ma Ha3bIBaeTCs NPOCTO an2ebpoll,= ecrnv xe MHOXECTBO (PYHKLMI NycTo,
TO OHa Has3blBAETCH /102UYeCKOU (PersauUOHHOU) cuctemon. =

Mbl BUOUM, YTO YACTO MHOEKCHI MCMNONb3YHTCA AN pa3nuyeHnsa nogot-
HbIX MOHATUI B NPUMEHEHUN K pa3HbIM TUNam, Hanpumep, =,. Ho ansa npu-
MEHEHWN paBeHCTBa TUM OTHOLLIEHMS paBEHCTBa OQHO3HAYHO onpeaenseT-
Csl TMNamu aprymeHToB. [NOCKOMbKy HakonneHme NHOEKCOB NPensTCTBYET
NMOHWUMaHMIO TEKCTA, B CYLLHOCTWN HNU4Yero He gobaBnsisi Ans CTPOrocTu, Mbl
NPUHUMAaEM criegyroLiee cornaweHue.

)) ansa ¢ € C.
(71, oy T — 7), f € F, 10 ((f) € F(C(m1) X

(c
) =
))-
)=

10 JTanHoe ycmoBHe 03HaYaeT MPOCTO, YTO MHOKECTBA AEMEHTOB PA3HBIX THIIOB HE TIepeceKa-
10Tcs. OHO U30aBIISET OT Ky4H TEXHUYECKUX HEMPHUATHOCTEH, Ha KOTOPbIE BCE BPEMsI HApBIBAIOTCS
B MaTeMaTHKE U B UHPOPMATHKE, B YaCTHOCTH, U3-3a MPUBBIYKHA U300paxaTh SAMHUILY U HOJIb Iie-
JIOTO, PAIlMOHANBFHOTO M JICHCTBUTEIHHOTO TUIIOB OMUHAKOBO. Ho Ha caMoM jene mo0ast Takas
“TeXHMYEeCKast YaCTHOCTH” CKPBIBACT HEKOTOPHIC PUHINITHAIBEHBIE TPYIHOCTH. JlaHHOE ompere-
JICHWE, IPOBOANMOE B PaMKaxX TEOPHUH MHOXKECTB, HE MOXKET OBITh a/IeKBaTHO MHOTUM COZIEpKa-
TENBHBIM YCIOBUSIM, JIyUIlle BBIpaXKaeMbIM B TeOpHH KaTteropuii. M3-3a HehopmMann3zyeMocTH ecTh
U IpyTHE COJIepIKaTeNbHbIE YCIOBHS, KOTOPBIE OOJIBILEH YacThIO elle He BIPAXKAIOTCS Ha TOUHOM
SI3BIKE U TIOATOMY (YOPMATbHO OCTAIOTCS 32 pAMKAMHU MaTeMaTHYECKOTO pACCMOTPEHHS, HO codep-
JrcamenbHO YINTHIBAIOTCS MaTeMaTHKaAMH.

U Tpamumuonno B anre6pe TpeOyeTcst paBeHCTBO ISl BCEX HCXOMHBIX THIOB. Ho B mocennee
BPEMA B CBA3H C KOMITBIOTCPHBIMHU IMPUITOKEHUAMU CTAJIO ICHO, YTO PABEHCTBO HE BCErAa SABJIACTCA
npocTeiiiieil u/uiu KOppeKTHOM onepanueil. Hampumep, paBeHCTBO MaIlIMHHBIX JEHCTBUTEIBHBIX
YHCell 03HaYaeT yallle BCero MpocTo TO, YTO OHU CKOMHUPOBAHBI U3 OJHOTO U TOTO K€ UCTOYHHKA
(BBHIYy HETOYHOCTH BhIUKCICHUIL.) [03TOMY B HallleM OTpPEIeICHUHN PABEHCTBA IS 6CeX UCXOM-
HBIX TUTIOB HE TpeOyeTcsl.

12Tepmun “pensinponHas cucteMa” ynoTpeGIsieTcss B COBPEMEHHOM TeOpHH 6a3 JaHHBIX H ua-
CTUYHO B ayre0pe.
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CormnaweHve 1.
MHOeKcbl onycKkarTcs, eCrnv OHXM OAHO3HAYHO OMpeAensATCA
13 KOHTEKCTA.

Ecnun 3HaveHnsimu yHKUMOHamNbHbIX CUMBOMOB MOTyT GbITb HE BClOAY
onpeaeneHHble yHKUMKM, To anrebpanyeckas cucTema HasblBaeTcs ya-
cmuyHoU. a € ((7) Ha3blBalOTCA a/1leMeHmamu mura 7, a camo ((7) —
Hocumerem Tuna . QreMeHMmMbl — 3NEMEHTbI BCEX TUMOB. =

[TockonbKy YacTo mpuaeTCs HASHTU(OUITMPOBATH, KAKOH CUCTEME, OTIPE/IeIICH-
HOW KaK KOPTEX MOHATHUH, MPUHAIICKUT TO WM WHOE TOHSATHE, MBI TPUHUMA-
€M cJeylollee CorameHne, 03BOJISIONIee UCTIONIB30BaTh I0CTATOYHO YO0OHYIO
IMTACKAJleniogo6HYytO 3aImuCh.

CornaweHue 2.
lMone w KopTexa Y obo3HavaeTcsa X.co. Y. MOXET BooOLLe
onyckaTbCs, €Cnun Y 0AHO3HAYHO onpeaeneHa KOHTEKCTOM.

BuiHo, 4To anredpandeckas cucTeMa OTn4aeTcs ot uHTeprperaiu ([8, §?7))
JIMIIb TEM, YTO y HAC MOXET ObITh HECKOJBKO MCXOIHBIX THIIOB. TAKUM 00pa3oM,
B HEll BO3HHMKAET MMOHATHE UCTHHHOCTH JUIS JIOTHYECKHUX (OPMYJI, ¥ MBI aaiee Oy-
JIeM CCBUIATHCSI HA HCTUHHOCTD HJIH JIOXKHOCTh HEKOTOPBIX (POPMYJI B CUTHATYPBI
0 Ha anredpanyecKor cucTeMe S.

Ipumep 1.3.1.pynna npeacraenset cobor 04HOOCHOBHYO anrebpy ¢ ABY-
MS PYHKLUMOHANBHBIMK CMMBOMNaMn o, ~!, ABYMECTHbIM NpeaukaTtoM = U
OOHOW KOHCTaHTOW e. CurHatypy rpynn o603HaunMm o .

B ynopsigoyeHHbIx rpynnax gobaensercs ewe oanH ABYMECTHbIN npe-
avkaT <. lNony4yeHHylo curHatypy Ha3oBeM o¢«.

IMpumep 1.3.2. BekTOpHOE NPOCTPaHCTBO Hag nonem P npepcraBnsetcs
Kak YacTu4Hasi ABYOCHOBHas anrebpanyeckas cMcrema ¢ MCXOOHbIMU TU-
namu v N p (BeKTop n ckandap.) Onepauun MMeIoT criegyoLmne xapakrepu-
CTUKMU:

1. BekTopHoe cnoxeHune x(d) = (v,v — v).

2. CkansipHoe cnoxeHue x(+) = (p,p — p).

3. CkanspHoe yMHOXeHue x(x) = (p,p — p).

3Heckonbko Gosiee mypHCTHYHO GBIIO GBI CKA3aTh:
MHoxecTBO 31meMeHTOB U — 00beIMHeHNE MHOXKECTB JICMEHTOB BCEX THIIOB.

Ho niens 1aHHOTO Kypca COCTOHT HE TOJIBKO B TOM, YTOOBI OXBATHTH MAaTEMATHYECKHE CTPYKTYPbI
JOCTAaTOYHO CTPOTUM M3JIOKEHUEM, HO U B TOM, YTOOBI TIOKa3aTh OCOOEHHOCTH MaTeMaTHYECKOTO
A3BIKa, IPUHATOTO MPH PabOTe ¢ pa3HBIMU CTPYKTYPAMHU.




16 ITIABA 1. BA30OBBIE CTPYKTYPhBI

4. YMHOXeHue Ha ckansp x(-) = (p,v — v).
5. BekTopHOE Bbl4YMTaHue x(©) = (v,v — v).
6. CkanspHoe BblunTaHue x(—) = (p,p — p).
7. CkansapHoe genexve x(/) = (p,p — p).

[MocnegHsas n3 nepeyvmcrieHHbIX onepaunm aBnaeTcs YactuyHon. KoHcTah-
Tamu ABNATCA ckansapbl 0 1 1 1 BekTop 0.%

IMpumep 1.3.3. Anrebpanyeckne cucTembl, COOTBETCTBYOLLNE 4ENCTBUTENb-
HbIM Yncnam, MHoroobpasHbl. B kayecTBe 04HOM 13 HUX MOXHO NPUBECTH
cUcTeMy, NPMMEPHO COOTBETCTBYHOLLYIO M3y4YaeMbIiM B CTaHAAPTHOM Kypce
aHanuaa gyHkumam. OHa 0gHOOCHOBHAs!, YaCTUYHas!, COOEPXKUT KOHCTaH-
Tl 0, 1, e, ™ U PYHKUMU +, —, -, /, exp, In, sin, cos, arcsin, arctg, mod.

ITpumep 1.3.4. OnemeHTamu anrebpanyecknx cuctem MoryT 6bITb U 06bek-
Tbl 60onee BbICOKMX MOPSAKOB. Tak, Hanpumep, MOXHO pacCMOTPETb anre-
BGpanyeckyto cMcTeMy, COCTOSALLYIO N3 (DYHKLWIA C onepaumen Komnosnmuum,
NN N3 MHOXECTB C ByneBbiMU onepauusamu.

ITpumep 1.3.5. Ewe ogHa vHTepecHasa anrebpa — anrebpa aHanumuye-
CKUX byHKUUU KOMMMEKCHBIX Yncen. ®yHKUUSE KOMMMIEKCHbIX YMCcen Hasbl-
BaETCH aHaslumu4yeckol, ecrniv oHa MMeeT NpPon3BoaHyto. ATa anrebpa oa-
HOOCHOBHAas U UMeeT AByMECTHbIE onepauumn +, —, X 1 OAHOMECTHYIO one-
pauuo anddepeHumposaHms D.

ITpumep 1.3.6.MpumepomM pensiuMoHHOM CUCTEMbBI MOXET CIYXXWUTb YacTh4-
HO-ynopsiAo4eHHOe MHOXeCTBO. [laHHas cuctema ogHoocHoBHas. CurHa-
TYPY YaCTU4HO-YNOPSO0YEHHBIX MHOXECTB COCTaBMSAOT ABa ABYMECTHbIX
npegukarta: = u <.

Ipumep 1.3.7. (OpreHTMpOBaHHbIE) rpadbl €CTECTBEHHO ONpeaenuTb Kak
anrebpanyeckme CTPyKTypbl OQHOOCHOBHOW curHatypbl ({v}, 0, {R}), rae
R — OBYMECTHbIV NpeauKar.

Ipumep 1.3.8.TpocTenuen anrebpanyeckom CUCTEMON CUTHATYPbI o ABS-
etca eQuHU4YHasi cucmema E,, onpegensiemas cnegyoowmm obpasom:

1. Bce ((7) — OAHO3MEMEHTHbIE MHOXECTBA;

2. 3Ha4YeHnsa BCEX KOHCTaHT n beHKLI,VII7I — €0UHCTBEHHbIE 3J1IEMEHTDI
COOTBETCTBYHOLLEro Tnuna,

14B ornmume or MaTeMaTHYeCKO# MPAKTUKK MBI HCHOJIB30BAIN PA3HBIE CHMBOIBI JUIS OIHO-
MMEHHBIX OTepannii HaJ BEKTOPaMH U CKaJIsIpaMH, 9YTOOBI H30eKaTh Meperpy3Ku Onepariiii 1 Bo3-
MOKHBIX JIByCMBICIIEHHOCTEH .
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3. BCe npeaukaTtbl UICTUHHBI.

B nanHBIX MpriMepax BUAHO, UTO TAKOE «T0JIOE» MOHATHE alredpandeckoi cu-
CTEMBI HE OTPAXKAET MHOTHX CYIIECTBEHHBIX KAYECTB paCCMaTpPUBAEMBbIX B Mare-
MaTuKe CTpyKTyp. B uacTHOCTH, 4TOOBI anrebpanueckas CUCTEMa CUTHATYPbI 0
Ha caMoM Jiesie ObLIa TPyMIoi, Hy’)KHO BBIIIOJIHEHHE HEKOTOPBIX YCJIOBHM. Ycio-
BHUSMU MBI 3alIMEMCS B COOTBETCTBYIOLLEH INIaBE, a I0KA 4TO CAEIAEM TO, YTO BO3-
MOXHO U 6e3 HuX. Ho onuH BUJ yclI0BHMH, KacalOUIUICS YaCTUUHBIX CTPYKTYP,
HY’KHO pacCMOTpPETH ceigac.

B 4acTMYHBIX CTPyKTypax HE BCE BBIPAKEHUS ONPENEIICHBI, U MO3TOMY MBI
BBEIIEM Kgasunpeouxam !t, AICTUHHBIN. €CIM ¢ UMEeeT 3HaYeHHe, U JIOKHBIN, €CITH ¢
€ro He uMeeT. Ml TOBOPUM KBAa3UIIPEAUKAT, a HE IIPEIUKAT, IOTOMY, YTO OH OIIpe-
JICJIEH HE HaJ 2JIEMEHTaMU HAIIMX MHOXKECTB, a HaJl BEIpAKEHUSAMH. MbI cuntaem
HUCTUHHBIM t = u, I1e t U % — BBIPAXKEHHUs, BKJIIOYAIOIINE YaCTUYHBIE Olepa-
II1M, ecJii 00e YacTu 3TOr0 PaBEHCTBA OAHOBPEMEHHO OIPEIEICHBI U B Cllydae
OIIPE/ICIIEHHOCTH MX 3HA4YCHUS PaBHBI (MsAeckoe paBeHCTBO). Ho ecnu B opmyrne
BCTpEYaeTCsi BRIpaKeHUE !¢, TO PaBEHCTBO MOHUMAETCS JicecmKo. 00a 3HAYCHUS
OIIpEENICHBbI U paBHbL. I pa3induus )K€CTKOTO U MATKOTO PaBEHCTBA IS KECT-
KOT'O UCHOJIB3YETCsl OTHOIIECHUE =, a JUIsl MATKOTO — 27,

B marematuke ObLIIO 3aMEYEHO, YTO BO MHOTUX pacCMaTpUBABIINXCS anredpa-
MYECKUX CHCTEMax MOSABISUIUCH OHU U T€ XK€ MOHATHS — roMomMopdusma, u3o-

Mop(}H3Ma U T. . ¥ TOKA3BIBAIHUCH TEOPEMBI, CTOJb KE KHETPUBUAIBHBIE» U «pa3-
HOOOpa3HbBIe», KaK OeCUUCIIEHHbIC TeopeMbl Komu B TpaJUIIMOHHOM H3JI0KEHUU
ananm3a. [losBUIIOCH JKeaHue OMPEEIUTh BCE ITH MOHATHS HA 4yTh 00Jiee BbI-
COKOM ypOBHE, HO 3aTO OJJHUM MaXOM.

Onpenenenne 1.3.3. OToBpaxeHne ¢ HasblBaeTca 20MOMOPHU3IMOM (MU
anzebpauyeckum 2oMoMopgbusmMom) anrebpanyecknx cuctem M; n M, oa-
HOW M TOWM € CUrHaTypbl o, €Crl1 OHO ANSA KaX4oro Tuna T otobpaxaet
M;.{(T) B M5.¢(T) n ANS KaXXAoN KOHCTaHTbl, NpeanKaTHOro 1 gyHKLMO-
HaNbHOroO CMMBOJA CUTHATYpPbl o BbINOSTHEHbI CNeayLmMe CBONCTBA:

L. o(M;.((¢)) = (o).
2. p(My.C(f)(21, - wn)) = Ma.C(f)(p(21), - - p(2n))-
3. My.((P)(z1, ... xp) = Ma.C(P)(p(z1), ... ©(T0)).

FloMoMOphKn3M HasbiBaETCA MOHOMOPGHU3IMOM, €CINN OH ABNAETCHA UHBbEK-
Unen, oH — 3rMUMopguU3M, eCIN OH SABIISIETCA CIOPbEKUMEN.

foMoMOpdUN3M — s102udeckul WU CuslbHbIU, eCnN ANA NpeavkaTos
BbIMOSTHEHO

M,.((P)(x1, ... z,) < My.((P)(p(x1), ... p(x,)).
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FloMmomMophn3m — u3omMopghu3m, eCnv OH NIOTNYECKUI N ABNAeTcs buekum-
en. [1ee anrebpanyeckune cuctembl U30OMOPGHbI, ECAIN MEXAY HAMMU CyLLIe-
CTBYET N3oMopdun3Mm.

[TpumeHnsist TaHHOE OmNpeziesieHUe, CKakeM, K CUTHaType 0, MOJIy4aeM OObIY-
HOE ompezeieHue roMoMopdu3mMa rpym:

ple) =¢;
p(a-b) = p(a) - (b)
plat) = w(a)

[TpumeHss 3T0 ke ONpeAeIeHUE K CUTHATYPE 0, TOTydaeM ONpeeIeHuE TOMO-
Mop(hur3Ma yIopsIIOUEHHBIX TPYII, B KOTOPOM B1I0OABOK BBIMIOJTHEHO CBONCTBO:

a<b= ga) < pb).

3nech onpeaeneHre roMoMopdu3Ma 320JHO MO3BOJISIET CAEIATh BEIOOP B MOJB3Y
OJTHOTO U3 UCXOIHBIX MOHATHI: < 100 <. Eciu 6b1 MBI BEIOpaIM B KaYE€CTBE HC-
XOJIHOTO TperKaTa <, TO Bce roMoMopdu3Mbl 66UTH ObI MOHOMOP(dU3MAMHU, YTO
HECKOJIBKO HEXKEJIaTEeJIbHO B IAHHOM CIIy4dae.

Mpenaoxenue 1.3.1. Beaxas buekyusi, A61510WasACs 20MOMOPGUIMOM anceop, 6151-
emcsi u30MophuzmMom.

Jokazamenvcmeo. buekiys sBIsSeTCSI UHbEKIUEH, a I HHBEKIUN

vz, y(p(z) = ¢(y) &z =y).
A Ipyrux MpenukaToB, KPOME PaBEHCTB, Y HAC HET.
IMpennoxkenune 1.3.2. Komnoszuyus comomop@uzmos — comomoppusm.

Mpenaoxenue 1.3.3. Omuowenue uzomoppuocmu pedrexcusho, mpan3umueHo
U CUMMEMPUYHO, M. e. ABNAEMCS OMHOWEHUEeM IKEUBALEHMHOCHIU.

DTH TpeUTOKEHUS] O4eBUAHBL. TaKiM 00pa3zoM, MOKHO (haKTOPH30BaTh KIacc
aﬂre6pal/lquKI/IX CUCTEM I[aHHOﬁ CUTHATYPbI IO OTHOIICHHWIO 9KBHUBAJICHTHOCTHU U
paccMaTpuBaTh CHCTEMBI C TOYHOCTBIO 710 H30MOP(hH3MA.

VYupaxkHenusi k 81.3

1.3.1. PaccmoTpuM anreOpandeckyro CHCTEMY, SJIEMEHTaMU KOTOPOH SIBISIOTCS
(GYHKIMU U 0OBEKTHI, @ ONepallusiMU — MPUMEHEHUE (YHKIIMH K apTYMEHTY
Y KOMIIO3ULMA (PYHKLUH. 3allUIINTE €€ CUTHATYPY.

1.3.2. A uro Takoe anreGpanueckas cucrema curuarypst ({1}, 0,0, 0, 0)?




1.4. TOIIOJIOTUYECKHUE IIPOCTPAHCTBA

1.4 Tomosornyeckue NpoCTPAHCTBA

1.5 Kareropumu

K nauamy 50 IT. cTajno siCHO, YTO COXPaHSIIOIINE CTPYKTYPY OTOOpakeHUsI cCaMH
00pa3yloT HEKOTOPYIO MAaTEMATUYECKYIO CTPYKTYpY, H MOPOI0 UMEHHO COOMHO-
WeHUss Mexcoy CmpyKmypou omoobpadicenuti TIO3BOJISIOT HABECTH MOCTBI MEKIY
pPa3HBIMUA MaTeMaTUYECKUMU TeopusiMu. [105ToMy BO3HUK BOIIPOC O CO3TaHUH Te-
OpuH, KOTOpast u3ydayia Obl Ha CaMOM HUKHEM YPOBHE B3aMMOCBS3H MEXKIY OTO-
OpaxeHHUAMH, a Ha 6oJiee BBICOKOM — MEXy UX CTpykTypamu. Koraa ona nosiBu-
Jach, IEPBOHAYATIBHO AK€ HEKOTOPhIE MaTEMATUKU HA3BIBAIU €€ aOCMPaKmuou
yenyxoti. Ho HbIHE OHA NOTy4YHIIa IOYTEHHOE HAa3BaHUE Meopuu Kame2opuii.

Onpenenenne 1.5.1. Kateropna — gByoCHOBHas YyactuyHas anrebpaunye-
ckas cuctema ¢ Tunamm Ob (Tn 06bekmos) n Mor (Tun Mopgu3mos),
yacTuyHon onepaumen o : Mor, Mor — Mor, TOTanbHLIMX OnepaunamMm
Dom : Mor — Ob, CoDom : Mor — Ob, e : Ob — Mor, U npegukatamm
paBeHCTBa ANns oboux TMMNOB, NpUHagnexawas MmHoroobpasuio, onpege-
naeMomy cnegyroLuiMmMmm KBasuTtoXxgecTBamm:

Dom g = CoDom f =g o f;
Dom g = CoDom f & Dom h = CoDomg = fo(goh) = (fog)oh;
Domea =a, CoDomea = a;
Domf=a=¢caof=f CoDomf=a= foea=/f

Onepauunsa o HasbIBaeTca Komro3uyuet mopghuamos, Dom f — Hadariom
nnu obnacmsto mopduama f, Dom f — ero KOoHYomM unmn Koobracmeo, € a
— eOUHUYHbIM MOPGU3IMOM Unn eduHUUel oObeKTa a.

f
To, uTo Ha4ano f ecTh a, a ero koner — b, o6o3Havaercs a — b aubo f : a —

PaccMmoTpuM npuMepsl KaTeropuid CaMOM pa3HOU IPUPOIBI.

Ipumep 1.5.1. NMycTb COBOKYNHOCTb 06EKTOB — BCe MHOXecTBa.* MycTb
Mopdun3Mbl — pyHKUMK. Hayano mopdunama — obnactb onpeaeneHus
dyHKLUMM, KOHEL, — ee obnacTb 3HadYeHun. EguHmuen X, oueBngHo, ABns-
eTca pyHKumMa \x € X x. ATy kateroputo 0603Ha4nM Set.

15Hp0HHuaTenLHLIﬁ YUATATENb BOCKIUKHET:

— A Kkak ke Tak? Belb MHOXKECTBa BCEX MHOXKECTB HET!

Hert ero B 4arie Bcero HCIoabp3yeMoi aKCHOMAaTHKE TCOPHH MHOXKECTB. Ee ucrnons3oBanue cBsi-
3aHO C TeM, YTO OHA J]aeT BO3MOKHOCTH HEOTPaHUIEHHO ITPUMEHSTh aKCHOMY BBIOOpa. A B TEOpUHU
KaTeTopuii akcuoMa BEIOOpa TIONPOCTY He Hy)KHA, OCHOBHBIE KOHCTPYKIIMH CTPOTO THITU3UPOBAHEI
(BepHee, cTpaTH(OUIIMPOBAHEI), © MBI MOXKEM BOCIIOIB30BaThCst Teopreil muoxecTs NF.
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IMpumep 1.5.2. A Tenepb BO3bMEM MHOXECTBA U YaCTUYHO-ONpeLeneHHble
dyHKuMM Hag HUMK. OHK Takke 06pasyroT KaTeropumto. ATy kateroputo 06o-
3Ha4yuMm Set;.

IMpumep 1.5.3. [TocKornbKy NOHATUE KOMMNO3ULMK OnpeaenseTcsa Ans npo-
N3BOSbHbIX BUHAPHBIX OTHOLLUEHWU (HAMOMHUM, YTO

RoS={(z,2)|lre X &z Z&ylyeY & (z,y) € R& (y,2) € S)}),

MHOXeCTBa 1 UX BMHapHbIE OTHOLLEHWS Takke 0bpa3sytoT kaTteroputo. ATy
KaTeroputo 0603HaunMm Setp.

B nanHoii mocnenoBaTesHOCTH MPUMEPOB 00111ast uaesst MOpU3MOB Kak (hyHK-
U COXpaHIeTCs, XOTS CaMU MOP(H3MBI ITOCTETIEHHO OTXOST BCE TAJIbIIE U JalTh-
e OT TPAJUIIMOHHBIX (QYHKIIUH B CTOPOHY 0000menus. Ho ropas3mo vamie onu
OTXOJIST OT POHU3BOJIBHBIX (PYHKIHI B CTOPOHY CY>KCHHS.

Ipumep 1.5.4. Anrebpandeckne cuctemMbl JaHHOW CUTHATYpbl U UX FOMO-
Mopdu3mbl 06pasytoT kaTteropmto. TOYHO Tak Xe KaTeropuio obpasyer nto-
6o knacc anrebpanyeckmx cuctem (Bce paBHO, akCMOMaTU3NPyEMbI Nn-
60 HerT). NockonbKy camm KaTeropun ABNSOTCA anrebpanyeckumm cucte-
MaMu, OHW BMECTE C X roMmoMopduamamMmm o6pasyroT KaTeropmto Bcex ka-
Teropun Cat.

[anee, nockonbky caMmu Kateropum ABnsOTCA anrebpanyeckumm cu-
cTemMamu, A48 HUX onpegeneHo noHaTue nogcuctemsol. lNogcucrema gaH-
HOW KaTeropuu ¢ Ha3blBaeTCs ee rnodkamezopuel. ® — rosiHas nogkarte-
ropusa &, ecnu gns nobbix 06bEKTOB a,b € ©.0b nobon mopdpusm f €
¢.Mor, Takon, 4To f : a — b, NpuHagnexumT O .Mor. Takum obpasom, B nosn-
HOW NOAKaTeropum COXpaHaTCA BCe MOPGU3Mbl AN OCTaBLUMXCS OObeK-
ToB. KaTteropuu anrebpanyeckmx cucteM n3 JaHHOro Krnacca AaHHOW cur-
HaTypbl ABMAIOTCA YAaCTHbIM CrnyyYaem OOLLen KOHCTPYKLMU: OrpaHUYeHns
MHOXeCTBa 06bEeKTOB AAaHHOM KaTeropmm 1 B3TUA COOTBETCTBYIOLLEN MOS-
HOW nogkaTeropun. ELLie ogHUM NPpUMEPOM Takmx nogKkaTeropun ABnATCA
KaTeropmm KOHEYHbIX MHOXECTB U X OTOBpaXXeHU, HaCTUYHbIX OToBpaxe-
HUW U OTHOLLEHUM.

Ipumep 1.5.5. Tononormvyeckne NpoCcTpaHCTBa C HeNpepbIBHbIMK O0TOGpa-
XEHNAAMU B Ka4ecTBe MOPU3MOB 06pasytoT KaTeropuio.

JlaHHBIE KaTeropuy CTajli pacCMaTpUBaThCsl PaHbILIE BCETO, HO Y’KE FTOMOMOP-
($U3M HE TOJIBKO OTPAHWYMBACT (PYHKIIMH, HO M 000OIIAET UX, TTOCKOIBKY SIBJIS-
€TCSl CUCTEMOM OTOOpa)KEHUH /I BCEX THUIIOB W3 JAHHOW cUrHATyphl. OOpaTum
BHUMaHHE Ha OTPE/ICICHHYI0 OyKBaJIbHO OJTHUM CIIOBOM Kareropuro Cat. Oto —
MpUMEP MOLIHOCTH MOHSTHI BBICIINX NOpsAAKoB. [Ipexae yem unrare najiblie,
nornpoOyiite pacuirdpoBaTh e onpeaesicHrHe caMmu (Y4To SBSIETCS 0ObEKTaMH, a
4TO — MOp(pHU3MaMH).
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Onpenenenne 1.5.2. fomomopdusm ¢ kateropum € B Kateropmio » Hasbl-
BaeTcs ¢hyHKmMopom n3 € B .

@yHKTOp 001aJaeT CAeAYIOIIMMH CBOMCTBAMU:

fra—=b=o(f): ela) = o)
Ifog=o(fog)=qe(f)oplg).

Orcrona cnenyer, 4to p(ea) = e p(a).

Ipumep 1.5.6. PaccmMoTpuM HECKOSbKO KaTeropun, y KOTOpbIX OOUH U TOT
X€ €ANHCTBEHHbIN 0O6BEKT — MHOXECTBO HaTypanbHbIX Yncen N. B kaTe-
ropun Pr MophramMmamm SBNAKTCA YaCTUYHO-PEKYPCUBHBIE (PYHKUUK, B Bt
— 0bLLe-pekypCcuBHbIE (PYHKUUK, a B Pr — NPUMUTUBHO-PEKYPCUBHBIE.

Mpumep 1.5.7. PaccmoTpuMm B kadecTBe oObekTa NEPEMEHHYI0 x, a B Ka-
yecTBe MOpP(PM3MOB — TePMbl AAHHOW CUrHaTypbl C €QUHCTBEHHOW CBO-
6oaHon nepemMeHHon . Komnosuumsa TepmoB ¢ 1 r — NoAcTaHoBKa t[x|r].
EovHvua — tepm .

IMpumep 1.5.8. PaccMoTpuM B KayecTBe KaTteropum KOMOUHATOPHYH 1oru-
Ky, B Ka4eCcTBe MOP(PM3MOB — KI1acCbl 3KBMBANIEHTHOCTU A\-TEPMOB C e1H-
CTBEHHOM CBOOOAHOM NEpeMEHHON x NO OTHOWeHuIo “[lokadyemo t = u”.
Komnosuuusa mopdumsmoB — Tepm t[x|u|. EAMHMLE — onaTb-Taknm NpocTo
Z.

Ipumep 1.5.9. PaccmoTpum B kayecTBe 06bekTa MHOXECTBO COCTOSIHUM
NaMATU BbIYUCIIMTENBHOIO KOMMIeKca, B KayecTBe MOPPU3IMOB — Mpo-
rpamMMbl, HanUCaHHble Ha anropuTMUYECKUM A3blKe, YOOBETBOPSOLLEM
cnegyowmm TpeboBaHUAM:

1. MNycTon TeKCT ABNAETCH NPOrpaMMon, He MEHSIKOLLIEN COCTOSIHUA Na-
MATWN.

2. Ecnu P n Q — nporpamMmmsl, To P; () — nporpamMmma, BbINOfHAWLWasn
CHa4dana P, 3ateM (). B opyrnx KOHTeKCTax CUMBO/ ; HEe BCTPeYaeTCH.

Mpumepom s3bika, yaoBneTBopstoLero nogobHbiM TpeboBaHMAM, MOXET
cnyxuTb a3blk Shell cuctembl UNIX. Takne nporpammbl o6pasytoT kaTero-
puto.

B nanHoi mocnenoBaTeabHOCTH IPUMEPOB MBI JBUTAIHUCH OT (PYHKIHUH K aj-
TOpUTMaM U IpOrpaMMam, He Tepsisi OOIIyro uer GyHKIHOHAIBHOCTH. PaccMo-
TPUM TENEPb KaTETOPUU HECKOJIBKO IPYTOU IMPUPOIBI.

Mpumep 1.5.10.ycTb L — npoun3BonbHbIA YyM. [NpeBpatum ero B kaTe-

ropvito criegytowmm obpasom. O6bekTaMu SABNSOTCH 3NeMeHTbI L, a Mop-
r3aMaMn — UCTUHHbIE OTHOLLEHUS a < b. Takum obpasomM, MopduamM 13 a
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B b €CTb TOra 1 TOrnbKO Toraa, koraa a < b, U OH TONbKO oanH. Komnosnuus
MOpPM3MOB ONpeaensieTcsl OAHO3HAYHO, U onpeaeneHa no TPaH3UTUBHO-
CTW OTHOLLEHUs nopsiaka. Takas kateropust o06o3HadaeTcs €.

IMpumep 1.5.11.OpueHTMpOBaHHbIN rpad (1 gaxke MynstTurpadd) MOXeT pac-
CMaTpuBaTbCA Kak KaTeropusi, oObektaMm KOTOPOW CryaT BepLUMHbI, a
Mopuamamm — nytn. EgnHuua — ato nyctom nyTtb n3 0 Ayr, uMeoLwmm
nuwe Havano. Komnosnuusa MopruaMoB — KOHKaTeHauus nyten. 3Ta Ka-
Teropua ona rpada G obosHavaetca ¢, nnbo npocto G.

U, nakoHer, pacCMOTpHUM CITy4aid, Koraa MOp(hU3MBbI SBISIOTCS “ OoJiee KOH-
KPETHBIMHU~ CYITHOCTSIMH, YeM OOBEKTHI.

IMpumep 1.5.12.TMycTb €QUHCTBEHHBIM OOBEKTOM KaTeEropumn ABnseTcs Mo-
Hong H. Mopduamamm ABnsoTCA aNemMeHTbl JaHHOrO MOHOMAA, KOMMNO3K-
umen mopdmamMoB — nNpounsBeneHne anemMeHToB. [Ans Toro, YTobbl AaHHas
KOHCTpYKUMs Bblna KaTeropmemn, 4oCTatodHo, YTobbl NnponsseneHne bbino
accoumaTtmBHbBIM, YTO rapaHTMpyeTcsa onpeaeneHnemMm MoHomaa.

Teopust kareropuii NoOIb3yeTCs B MEPBYIO OYEPEb A3BIKOM KOMMYTaTHUBHBIX
JUarpaMm.

Omnpenenenne 1.5.3. [JuazpamMma — OCHaLLEHHbIN MynbTUrpad, BepLInHam
KOTOpOro npunmncaHbl 06bekTbl Kateropuu, a pebpam — MopdpuamMbl U3 Ha-
yana pebpa B ero koHel. [lnarpamma KoMMymamueHa, ecriv onsi nodbix
ABYX NMyTen N3 BEPLUUHbI v; B BEPLUMHY v KOMMO3ULMKM MOPPU3MOB ITUX
nyTen pasBHbI.

Hampumep, KOMMyTaTHBHOCTb AUArpaMMbl (KOMMYTAaTHBHOTO KBapaTa)

ot

hll (1.5)

e
g

O3HAYaeT COBMAJIEHNE KOMIO3UIUH f o hy = hy o g. Ho kommymamuenocms oua-

2pamm npeononazaemcs, 1ub eciyu NPomueHoe sI8BHO He 02080PEHO 8 meKcme,

oxpyscarougem ouazpammy. Tak 4TO YUTANTE TEKCTHl BHUMATEIbHEE.
YupaxHenus k 81.5

1.5.1. B Tpoiike kareropuii Set, Sety, Setg 4TO SIBJITETCSA MOAKATETOPHEH YeT0?

1.5.2. IToyemy MbI He TOTPeOOBAIIN B pacIIHPpOBKE onpeaesieHus (yHKTOpa, 4To
plea) = ep(a)?
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1.5.3. Ilycte auarpamma (&=5) paccmoTpena B kateropuu €, TOIyJYaromencs 13
gyyma L (nmpumep d=5=H). OxpyKaronmid TeKCT MO0 M3JI0KEH J0CTaTo4d-
HO 3aIlyTaHHO, JH0O0 MPOCTO HANMCaH Ha sI3bIKe, KOTOpbIi Bbl pa3bupae-
TE OYCHB IUIOXO (BHIOMpPANTE COIIACHO CTENEHH OOIIel 00pa30BaHHOCTH:
MOJIbCKUH, TOJUTAH/ICKUH, ATOHCKHI. . . ) CymeeTe i Bbl crienars kakue-To
BBIBOJIbl OTHOCHUTEJIBHO €€ KOMMYTAaTUBHOCTH ?

1.5.4. llpumep d=5=6HCTyACHTHI TPEATTOKIITN MOTUPUIIUPOBATH HECKOIBKIMH CTIO-
cobamu. MIHTeIeKTyanoB MpeayIoAKII pacCMOTPETh KaTETOPUHU JIEMEHTap-
HbIX QYHKIUH U QyHKINH, BEIYUCIUMBIX 32 MOJMHOMMAIbHOE BpeMs, Ta-
JAHTOB — 3a JIMHEWHOe BpeMsi U KOHEYHO-aBTOMAaTHBIX. B kakom mpesnsio-
KEHUU €CTh HEKOPPEKTHOCTHU U Kakue?

1.5.5. Onpenennm HeCKOIBKO O0JIee aOCTPaKTHYO KaTeropuro Ha 6a3e rpada. O0b-
€KTBI €€ — MO-TPEKHEMY BEpIUINHBI Tpada, MOpPHU3MbI — MyTH, HE COAEP-
xKarue UKI0B. [Tpr KOMITO3UIIUY IBYyX TyTEH MBI BEIKUIBIBAEM TTOSBIISIFO-
recs MUKITBL. KoppekTHO 11 TaHHOE Ope/Ie/IeHUE, ¥ €CITH HET, TO TIoYeMy ?




I1aBa 2

KoHkpeTHbIe ajiredOpanyeckue
CTPYKTYPBbI

IMenaroruyeckoe 3ameuanne. B u3noxxeHun Kypca Marepual JaHHOW TJIaBBI 11e-
Jeco00pa3Ho YepenoBaTh C MaTepHUaIOM MPEIbLTyIICH.

2.1 Tloayrpynmsl

2.1.1 Dnemenrtapubie GaKkThI

ITonsiTne noayepynnsl HCCOU3MEPUMO IO CBOCMY 3HA4YCHUIO C MCCTOM, YIACIIAC-
MBIM €My B TPaJHUIMOHHBIX Kypcax aireOpbl, KoTopbie mo Tpaguiuu XIX Beka
paccMaTrpuBarOT a6CTpaKTHLIC aJIr 66paI/I‘-IeCKI/IC CTPYKTYPBI Ha IPpUMEPC I'PYIIT U
YyTh-4yTbh MOJEH.

Onpenenenne 2.1.1. [onyepyrnnbl — MHOroobpasne 0OAHOOCHOBHbLIX anrebp
curHatypbl og = ({t},0, {o}, {=}), onpegensemoe ToxxaecTBOM:

Vz,y,zxo(yoz)=(xoy)oz.

MorHoud — mHoroobpasve anrebp curHatypbl os. = ({t},{e}, {o}, {=}),
onpegensiemMoe TOXA4eCTBOM MONyrpynn 1 cneayowmumm AByMS:

Veieox =2 Vrxxoe=uzx.

e HasblBaeTca eOuHuyel nonyrpynnel (MoHouaa). Nonyrpynna koMmyma-
mueHa, eCnu BbINOMIHEHO TOXAECTBO a o b = b o a, UOeMnomeHmHa, ecrnuv
a o a = a. N@emMnoTeHTHasa nonyrpynna Ha3blBaeTCsl C8S3KOU.

Ipumep 2.1.1. Llenble yncna, HaTypanbHble Yncna, NoNoXUTENbHbIE Ha-
TyparnbHble YMcna 1 BoobLLe HaTyparnbHble YMcra Gonblle HEKOTOPOro n

24
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COCTaBNSAT NONyrpynnbl Kak Nno CIOXeHWI0, Tak 1 N0 YMHOXEHMWI0. JTU No-
nyrpynmnbl KOMMYTaTUBHBI.

IMpumep 2.1.2. Kaxxgas peLuetka ABNAeTcs nonyrpynnon Kak OTHOCUTENBHO
onepauun U, Tak n oTHocuTenbHo N. O6e 3Tn nonyrpynnbl KOMMYTaTUBHbI
N NOEMMNOTEHTHbI.

IMpumep 2.1.3. MHOXECTBO CNOB HaA AaHHbIM andasuTom A aBnsieTcs no-
nyrpynnoun n gaxe mMoHongomMm. OHo — cB0OB6oAHbIN MOHOMA Hag A. MHo-
KECTBO HEMYCTbIX COB TaKkke nonyrpynna u sendetcsa cBobogHom nony-
rpynnon Hag A.

Ipumep 2.1.4. Jllo6oe MHOXECTBO C YMHOXEHMEM, ONPEAENEHHbIM KakK = o
y = y, ABNSAETCA nonyrpynnon. AHanorMyHo ans anrebpandeckon cucre-
Mbl C KOHCTaAHTON O 1 TOXOeCTBOM zoy = (. TakoM aneMeHT, YTo Vz, y xoy =
a, Ha3bIBaeTCsA HysieM Nonyrpynnol.

IMpumep 2.1.5. [Nockornbky onepauus KoMno3vumm ana yHKUMM N OTHO-
LUEHM accoumaTmBHa, Noboe MHOXECTBO OTHOLLEHWUMN, 3aMKHYTOE OTHO-
CUTENBbHO KOMMO3ULNN, ABNAETCS NONyrpynnown.

OTOT OCIETHUM IPUMED MTOKA3BIBAET, IOYEMY IIOJIYTPYIIIbI CTAJIH CTOJIb BaX-
HBIM TIOHATHEM. A UMEHHO, OHHU BBISBISIOT alreOpamdecKyro CTPYKTYpy, CyIle-
CTBYIIOLIYIO Ha (QyHKIMX. bonee Toro, mobas nosyrpyra npeacTaBuMa Kak 1o-
ayrpyrnma QyHKIAN.

Teopema 2.1. (Teopema o npedcmasnenunx ons nonyzpynn) Kascoas nonyzpyn-
na usomMopghua nonyzpynne QyHkyuii ¢ onepayuen KOMnO3uyuu.

Lokazamenbcmeo. T1ocTpouM [UIsl KaXI0T0 IEMEHTa @ MOIXYTpyNIbl (PyHKIUIO
fa = Azx.x o a. [IpoBepuM coXpaHEHHE OIEpPAIUH.

Jaop(2) = w0 (aob) = (zoa)ob= fi(fu(z)) = (fao fo)(z).
[]

Kax MbI 3ameTnnu, mo0as pemerka onpeessieT KOMMYTaTHBHYIO CBsI3Ky. Te-
neph JT0OKaKeM, 4TO Jr00ast CBsI3Ka ONpEeAEIsieT CTPOTUil MPpeanops oK.

Ompenenm a < bkak aob = a & b o a = a. TpaH3UTUBHOCTH U pedIeKCHB-
HOCTB BBEICHHOTO OTHOIIICHHSI YCTAHOBHTB JIETKO. Terepb yCTaHOBUM CBOMCTBO

Ve,yr <y&y<z=z=y).

B camom perne, BO3bMeM MPOU3BOJBHBIC a, b, Takue, uto a < b & b < a. Torna,
0 yCIIOBUSIM, a0 b = a & a o b = b. 3HauuT, a = b.

Mpumep 2.1.6. PaccMoTprM NpOn3BOSIbHOE HEMYCTOE MHOXECTBO CO Cre-
ayoLlen onepaument yMHOXEHUSA: xoy = x. ATO — Nonyrpynna, oHa naem-
NOTEHTHA, a NoOPSAA0K, el onpeaensemMbl, OUCKPETEH.
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Ecnu cBsi3ka KOMMyTaTHBHA, TO €€ ONepalus BhIpaxkaeTcs Yyepes NaHHBIH 11o-
psaaok. CM. HIDKe, yrpakHeHue d. CBsizka sBIeTcs yao0HoH GopMoil BeIpaskeHUS
pECYPCOB, KOTOPBIE HE 3aBUCST OT UX KOJINYECTBA, HO 3aBUCAT OT IIOPSIIKA IOCTYII-
nenusi. Hanpumep, 006e1 MOXKHO OIpEIeNNTh KaKk IPOU3BEIECHUE

3akycka o Cyn o Bropoe o Yan.

Jlns kuraiina, cKkakeM, 4ail cTosu1 Obl Ha TIEPBOM MECTe.
Ynpaxuenns k §2.1.1

2.1.1.1. JlormuHO JI1 paccykKAeHNE, KOTOPOE aBTOP OJHAXIBI ciblman B HoBocu-
oupckom MHCTHTYTE Maremaruku:

Teopust rpynn — 310 Hayka. CnegoBaTenbHO, Teopusi no-
nyrpynn — nonyHayka, a Yto Takoe Teopuu KBasurpynmn u
nceBaorpynm, Aaxe BbIrOBOPUTL CThbIAHO.

2.1.1.2. DneMeHT a Ha3BIBACTCS /€60l eOuHuyell, €CIU I BCeX £ a4 0 X = .
DJNeMeHT a Ha3bIBACTCS J1e6blM Hylem, eClu s Bcex © a o x = a. Co-
OTBETCTBEHHO OIPEACISIOTCS TOHSATHS MPAaBOW SIUHUIIBI M TIPABOTO HYJIS.
OTBeTBTE Ha CIIEIYONIIE BOIPOCH:

1. Moxert i1 ObITh B OJIYTPYIIE HECKOJIBKO JIEBBIX €IUHUIL?
2. A HECKOIBKO JIEBBIX HYJICH?

3. A Kak HacyeT NpaBbIX CIUHUI] H HYIEeH?

4. A 0THOBPEMEHHO JIEBbIC U MpaBbIe?

2.1.1.3. BepHo 1, uTo jr00ast HIEMIOTEHTHAs TOIYTPYTIa KOMMYTaTUBHA?

2.1.1.4. MoxeT 1 B MONYTpyTIIe ObITh ¥ €UHHIIA, U HOJb?
2.1.1.5. M0oXHO JI1 TPOU3BOJIbHYIO MOJIYTPYIITY JOMOIHUTH 10 MOHOU1A?
2.1.1.6. A 1o nonyrpynmsl ¢ HylIeM?

2.1.1.7.Yem sBrsieTCSI KOMMYTAaTHBHAsI CBSI3Ka C TOUKH 3peHHs mopsiika? Kak B
Hell BBIpa)kaeTcsi yMHOKEHHUE uepe3 MOPsIIoK ?

2.1.1.8.Onement a monouna G Has3pIBaeTCS pacwiupumenem, eClid eCTh TaKoe
noaqmHoxkecTBo X C G, uto {aocz |z € X} =G.

1. ITycTs MOHOM[ COCTOUT W3 (PYHKIMHA C OOBIYHOM Kommo3uiuen. Yem
B JIJAHHOM CITy4ae SIBJISICTCS PACIIPHUTEINb ?




2.1. IIOJYT PYIIIIBI

2. [IpuBenure mpuMep MOHOUAA C PACIIUPUTEIIEM.
3. MoxeT 11 ObITh PacIIUPUTEND B TPYIIIE?

4. A B KOMMYTaTHBHOM MOHOHIE?
Ecnu na, To npuseaute npumep. Eciu Het, To 060cHYIiTe.

2.1.1.9.Ilyctp f — unbekuus X B X, a g — acCOIMUPOBAHHOE C HEW HAKPBITHE.
YT0 MOXKHO CKa3aTh O MOHOUE, TOpoxaeHHOM { f, g}?

2.1.1.10.ITyctp f — cropwekuus X Ha X, a ¢ — accCOUMUpPOBaHHAs ¢ HEll pe-
Tpakius. YTo MOXKHO CKa3aTh O MOHOUIE, TIOPOXKICHHOM { f, g }?

2.1.2 CrpoeHue moJyrpynm

Jlst Toro, 4ToOBI M3y4YaTh CTPOCHUE MAaTeMAaTUYECKUX CTPYKTYP, HY)KHO TPEKIE
BCETO OINPENEIUTH ONEPALIUH, C IOMOIILIO KOTOPBIX MOKHO CTPOHTH GOJIEE CIIOK-
HBIE CTPYKTYPbI U3 GoJiee POCTHIX TOrO Xe Pojia.

[Ipex e BCero, paccCMOTPHUM MIPAMOE POM3BEICHHUE TOIYTPYIII KaK anrebpan-
YeCKUX CTPYKTYp. PactmdpossiBas 0011ee NOHITHE TEOPETUKO-MHOKECTBEHHOTO
IPSIMOTO ITPOU3BENIEHUS, [IOJYyYaeM, YTO AIEMEHTaMH IPOU3BEACHUS MOIYTPYIIT
H, u H siBnsirorest mapet (a, by, tne a € Hy, b € H,. IIpousBenenue map onpese-
JISICTCA ITIOKOMITIOHEHTHO.

Mpumep 2.1.7. ABOUTUBHAA Nonyrpynna KOMMNIEKCHbIX YNCEN MOXET pac-
cMaTpuBaTbCH KaK npsimoe npouv3seneHne ABYyX aaAuUTUBHBLIX MOMyrpymnmn
OEeNCTBUTESNbHbIX YNCES, MOCKOMbKY

(a1 + bii) + (ag + bai) = (a1 + az) + (b1 + by)i; (2.1)
a1 +bii =as+ byt & a; = ay & b1 = bs. (22)

[Ipexynpexaenne!

B anreOpe mpsiMble MPOW3BEACHUS MOJIYTPYIIT U TPYII TPUHITO HA3bIBATh
npssMbIMUA cyMMaMu M 0003Hayath H; @ Hy. B HekoTophix Oosnee COBpeMEHHBIX
U3JIOKEHHSIX OHU YK€ Ha3bIBAIOTCSA MPSIMBIMU TIPOU3BEICHUSAMMU.

Hmeercs elie 0JJHO JTIOOONBITHOE MOHATHE POU3BEICHUS MOIYTPYII — CBO-
00/IHOE TIPOU3BE/ICHNUE.

Onementamu cBoOoaHoro0 npousseaenus Hy u Hy apnstorcs Takue KopTexu, B
koTopbix snemenTs! H u Hy uepenytorces. Ipu BeIYMcIeHNN IPOU3BEICHUS KOP-
TeXe [ay, . . ., a,|*[by, dots, by, ], KOPTEXH COCNUHAIOTCS, U, €CIIH Ha CThIKE 0Opa-
30BAJIMCH J1BA DJIEMEHTA U3 OAHOW M TOW K€ MOJIYTPYIIIbI, OHU IIEPEMHOKAIOTCS.




ITTABA 2. KOHKPETHBIE AJI'EBPAUMYECKHUE CTPYKTYPhI

[penynpesxenne! 3aMeTuM, 9To B KIacce KOMMYTaTHBHBIX TTOIyTPYIIIT CBO-
6OIHOE IPOM3BEICHNUE SIBISIETCS HEECTECTBEHHOM OIeparineii, MOCKOIbKY IPH CO-
XpaHUEHUH KOMMYTaTHBHOCTH OHO COBIIAJIaeT C MPSIMBIM [IPOM3BEACHHEM, a IIPU
IPSIMOM MPHMEHCHHN OHO YHHYTOXXACT KOMMYTATHBHOCTb, OCKOJIBKY JUISI dJie-
MEHTOB JIByX PasHbIX MONYyrpyni [a] o [b] # [b] o [a].

YupaxHenusi k 82.1.2

2.1.2.1. A xak omnpeaenuTbh CBOOOIHOE MPOU3BEICHUE TBYX MOHOUAOB? OmHO-
3HAYHO JIW JIA€TCSI TAKOE OTpe/IeIeHue?

2.2 T'pynmnbl 4 CBSI3aHHbIE€ C HUMH CTPYKTYPbI

VYnpaxnenus k 82.2.0

2.2.0.1. IlpuBenuTe mpuMep rpymIibl OPTOTOHAIBHBIX MTPE0OpPa30BaHMA eBKIHI0-
Ba MPOCTPAHCTBA, N30MOP(HHOU TPYIIIIE IEPECTAHOBOK 7 3JIEMEHTOB.

2.2.0.2. IlpuBenuTe puMep TpyIIbl OPTOTOHAIBHBIX MTPE0Opa30BaHM eBKIHI0-
Ba IPOCTPAHCTBA, U30MOPMOHON M)IbMUNIUKAMUEHOU TPYIITIE BEIYETOB TI0
MOJTYJTIO 7.

2.2.0.3. IIpuBeaure mpuMep MHOTOTPaHHHKA, TPYTIa CHMMETPUNA KOTOPOTO U30-
Mop(hHa IPSIMOI cyMMe JIBYX IUKIMYECKUX TPYI mopsiaka 4.

2.2.0.4. IlpuBenute mpuMep MHOTOTPaHHUKA, TPYTINa CHMMETPUI KOTOPOTO H30-
MopdHa PSIMOMY NPOU3BEACHUIO IUKIMYECKUX TPYTII ITOpsIKa 5 1 mopsi-
Ka 2.

2.3 BekTOpbl, MOIYJIH, TEH30PbI

OHUM U3 BOKHEHIIIMX TTOHATHH MaTeMaTHKH SIBJISICTCS BEKTOPHOE IIPOCTPAHCTBO.
TpaaunroHHO B (hM3MKE U U3TIOKECHUHM MATEMAaTHKH /I NH)KEHEPOB BEKTOPHOE
MIPOCTPAHCTBO OMPEACTSAIOT Yepe3 KOHKPETHOE MPEACTABICHHE BEKTOpa —Nn-Ky
xoopaunat.* Ho 5To onpejienienre Majo TOro, YTo CIUIIKOM KOHKPETHO, OHO ITPH-
BSI3BIBACTCS K JIOCTATOYHO CIyYaHHOMY BBIOOPY KOOPIMHATHBIX OCEH M MacIlTa-
0O0B Ha HUX.

"HanomuuM, 4T0 n-kKa — KOpTexk ¢ GUKCHPOBAHHOI ITHHOM 7.




2.4. AJITOPUTMbI U ABTOMATBI

2.4 AJropuTrMbl 4 aBTOMATHI

2.5 KoHeuHble 11051

VYapaxHenusi k 82.5
2.5.1. TTocTopoiite mpocTeiiiiee mojie XapakKTepUCTUKH 3, HE ABIIAIOIICECS TTOJIEM
BBIYCTOB.

2.5.2. Pa3n0nTh MHOTOUJIEHB] HA MHOKMTENH B T10J1€ BBIYETOB 110 MOIYIO 2 Zo.
Lt 41
Lt 441
L4+ 1
L+ 1.

2.5.3. Pa3noxuTh MHOTOWICHBI HA MHOXKUTEIH B TTOJI€ BEIYETOB IO MOAYITIO 3 Zs.

R
Lt x4+
R
L3tz + 1.




I'maBa 3

AJredOpanyeckue CUCTEMbI

3.1 Onepauum HAJQ CHCTEMAMHU

Omnpenenenne 3.1.1.[loOcucmemol cucTeMbl S Ha3blBaeTCA Takasi cuctema
S1 ToW xe curHatypbl, 4To ans Bcex 7 € T S1.¢(1) € S.(7) n Ana Bcex
o6bekToB, NpuHaanexawmx (J . S1.¢(7) BbINOMHEHO

SC(f)ay, ..., an) = S1.¢(f)(ar, ..., an),
S.C(P)(a1, ..., ay) < S1.C(P)(a, ..., ay).

CooTBeTCTBEHHO, S Ha3biBaeTcs Hadcucmemou S, .

[Ipourenue TaHHOTO OINpEAEHIEHUs IPOCTO: MOJACUCTEMA — YaCTh JaHHOM CHU-
creMbl. EcTecTBeHHO, 9TO 1100asg cHUCTEMA SABIISIETCS COOCTBEHHOM IIOICHUCTEMOI
U TI03TOMY TOBOPSIT, 94TO Y S HET MOJCUCTEM. €CJIA Y Hee HET OTIMYHBIX OT .S MoJI-
CHCTEM.

JroObie anrebpanyeckue CUCTEMBI MOTYT OBITh MPEICTABICHBI KaK JIOTHYE-
ckue. B camom nene, 3aMmeHHM Bee (DYHKITMM f HA MPEIAKATHI

Pi(z1, ..., zp,y) © flz1, ..., T0) = V.

Takoe npencTaBiIeHUE CUCTEM B JIOTUYECKOM BHJE OyJeM Ha3blBaTh KAHOHUYE-
CKUM.

KanoHu4eckoe JIoruuecKkoe npecTaBIeHUEe He COBCEM YKBUBAJICHTHO MCXO/I-
HOU cucTeMe. B 4acTHOCTH, IOACUCTEM Y KAHOHUYECKOTO TPE/ICTABICHHS MOXKET
OBITh TOpa30 OOJIBINE, YUEM Y HCXOJHOM CUCTEMBI (pUBEAUTE IprMep!).

Kak uzBectHo (cMm. [B, §?7]) onepanuu v npeuKaThl IEPEHOCATCS Ha (hakTop-
MHOYKECTBO 110 OTHOIICHUIO SKBUBAJICHTHOCTH = TOT/IA U TOJIBKO TOT/IA, KOT/Ia OHH
COIVIACOBAHBI C JaHHBIM OTHOMIEHHEM. O000IINM 3TOT pe3yIbTaT Ha MPOU3BOJIb-
HbIE aIredpanvyeckie CUCTEMBI.

30
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Onpenenenne 3.1.2. [loeuyeckasi KOH2py3HYUS Ha anrebpanveckon cucre-
Me S — CEeMEeNCTBO OTHOLLUEHUN 3KBMBANEHTHOCTU =X Ha 7 € T, Takux,

ey o) = flyr, oo, Yn) (3.1)
ey Tn) S Plyr, ooy Yn). (3.2)
Onda BCEX NpeauKaToB, KpOMe =

®yHKUMA f/ = HasbliBaeTca hakmop-gpyHKyuel f No =, ecrnv oHa ygosne-
TBOPSIET CreayoLWMM YCOBUSIM.

Fl 2 (81, . @) = flay, ., @)

N aHanornyHo Ang npeaunkaToB. 34ecCb & —KNacc 3KBUBANEHTHOCTU .
KoHrpyaHumsa HasblBaeTcsa aneebpauyeckol Unn NpoCTo KOHEpYySHUYU-
el, ecrniv onyckaeTcs NyHKT (8=3).

Mpenaoxenue 3.1.1. Cywecmsyrom u 00HO3HAUHO ONPeOensitomcst paxmop-@yHKyuu
u ghaxmop-npeouxamwl 0Jis1 1H0OOU 102UHECKOU KOHePYIHYUU = na cucmeme S.

Taxum 06pazom, Tr06ast JIoruueckast KOHrpy HIIUs onpenesseT hakrop-anreopy,
3HaYEHUSAMU (PYHKIUH W MPEAUKATOB B KOTOPOU SABJISAIOTCA (akTop-QyHKIMH U
(hakTop-TpeaArKaThl COOTBETCTBYIOIINX 3HAYCHU B UCXOJHOM anredpe.

Jiis anrebpandeckoil KOHTPYIHIUH MPEIUKAThl MOXKHO OTPEAETATh Pa3HBIMU
crocobamu, HO IIpeAnouTuTeNnsHee Beero cuurarh P(X, ..., X,,) HICTUHHBIM Ha
KJIaccax SKBUBAJIEHTHOCTH X1, ..., X,, €CIH CYIIECTBYIOT Takue a; € X, ...,
a, € X,,uro P(ay, ..., a,) uctuaHo. VITak, MbI CYUTACM TIPEAUKAT HCTHHHBIM
Ha KJ1accax SKBUBAJCHTHOCTH, €CIIM OH MCTUHEH Ha HEKOTOPBIX MX MpPEICTaBU-
Tensix. JIrobomy roMoMopdu3My COMOCTAaBUM KOHTPYIHIIHMIO, OTPEACTEMYI0 UM
CJIEYIOIIUM 00Pa30M.

T =,y S o(r) = oY)

Teopema 3.1. (Teopema o comomopgpusmax) Obpas ancebpovr S npu comomop-
Gusme  usomopghen S| =,.

Jloxazamenvcmeo. Vickomblii uzoMopdu3m 1 onpenesieTcs: Kak
(2) = p(z).

Taxum 06pa3om, oH sBIsAETCA (PAKTOP-TOMOMOPHH3MOM ¢ N0 =, []

lI/IHI[CKCLI OTHOIIICHUM YKBHBAJICHTHOCTH BOCCTAaHABIIMBAIOTCS OJHO3HAYHO, [IO3TOMY UX OITyC-
KaeM; 5TO — MNPUMCHCHHE Cornanicnus &. B IIaJ'IBHefIH.ICM IIPUMEHCHUA 3TOI'0 COITIAICHUSA ABHO
HEC OTMCYAIOTCA.
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KoncranTsr 3a4ar0T npumumuersvlie dj1emMeHnbl anre6pa1/1qec1<0171 CHUCTEMBI, KO-
TOPBIC BXOIAT B J'IIO6YIO €C MMOACUCTEMY. Ho >Tum cBOMCTBOM 06naz[a}oT HC TOJBKO
OHH.

Mpenaoxenue 3.1.2. Dnemenm npuradnedicum nepecewenuio ecex noocucmem S
mo2oa u MmoibKo moeod, Ko20d OH AGIAEMCsl 3HAYeHUEM 3AMKHYMO20 mepmd.

DT0 HpeIOKEHUE OUSBHIHO, HO OHO 0OpaIaeT BHUMaHUE Ha 0011iee MOHITHE
aneebpauyeckoul evipazumocmu (WA IPOCTO BHIPA3UMOCTH).

Omnpenenenne 3.1.3. X HasblBaeTCA MHOXECMB8OM Muru3upo8aHHbIX KOH-
cmaHm, ecnu Ha X 3agaHa (PyHKUMS x x, CONOCTaBNAOLWAN Kaxaomy « €
X xx(z) € T. CurHatypa, nonyyarLasics paclUiMpeHneM MHOXECTBA KOH-
CTaHT CUrHaTypbl o KOHCTaHTamu n3 X, obo3HavaeTcs ox.

Ecnn X — MHoxecTBO anemeHTOoB (T. €. X C U, To ox — curHatypa o,
NONONHEHHas KOHCTaHTaMU 4115 BCEX ANeMeHTOB X, C XxapakTepucTmkamu,
COOTBETCTBYIOLLNM TUNAM 3TUX SNEMEHTOB (T. €. AnNeMeHTbl X cnyxart Tu-
NM3MPOBaHHBIMW KOHCTaHTaMK Ansa camux cebs). a anzebpauyecku ebipa-
3uM vepes3 X, ecnu a ABNAETCHA 3Ha4YEeHNEM HEKOTOPOro TepMa CUrHaTypbl
o x. MHOXECTBO 9NeMEeHTOB, Bblpa3uMbIx Yepes X, 0603HaunM X . MHoXe-
CTBO 3NeMeHTOB X Ha3blBaeTCs HE3a8UCUMbIM UNN MHOXeCcmeoM obpasy-
FOU4UX, €CIIN HN OAMH U3 ero YneHoB a € X He Bbipasum Yepes X \ {a}.
MHoxecTBo X ropoxdaem anrebpy S, ecnm S.U = X, T. e. Bce aneMeH-
Tbl Bblpa3uMbl Yepe3 X. MHOxecTBO obpasyroLmx rnofaHo (1 Torga 4acto
Ha3sbIBaeTCA MosIHoU cucmemou obpa3syrouwiux), eCnv OHO NopoXxaaeT S.

a 5l02UYecKu ebipa3um yepes by, ..., b,, ecrnu ectb popmyna A(z, 5),
Takas, 4To UICTUHHO

(3.3)

Ipenaoxenue 3.1.3. a gvipasumo uepes X, eciu OHO 8bIPA3UMO Yepe3 HeKOMOopoe
KOHEYHOe YUCNO INeMEeHMO8 X .

Mpenaoxenue 3.1.4. Boinonnenst cnedyrowue ceoticmsa X , 20e X —Hekomopoe
MHOHNCECMBO INEMEHMO8 S.

— Haumenvuias noocucmema S, cooepoicawjas X .

COCMOUm U3 3HAYeHUull 8cex mepmoe be3 c60000HbIX NEPEMEHHDBLX .
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Kax10e 13 5THX CBOHCTB TPHBUABHO, HO BMECTE OHH XapaKTepu3yroT X Kak
onepayuro samvikanus. K 3ToMy Mbl BEpHEMCS B TOIIOJIOTUYECKOH IIaBE U Jajee.

U, Hakonen, ecau cucrema X HE3aBUCHMA, TO 3TO HE O3HA4YaeT OTCYTCTBHS
BCSKMX 3aBUCHMOCTEN MexAay ee 3neMeHTaMHu. OJHO U TO XKe 3HAYCHHE MOXKET
IIPEICTABIATHCS PA3HBIMUA TEPMAMM.

Onpenenenne 3.1.4. Cuctema X ceobodHa, ecnv nobble ABa pasfMyHbIX
Tepma CUrHaTypbl o x UMEKT pa3Hble 3HaveHusi. Anrebpanyeckas cucrema
S ceobodHa, ecnn y Hee eCcTb cBOOOAHAsA NonHasa cucteMma obpasyoLux.

Teopema 3.2. B aneebpauueckoil cucmeme modicem 6vimuv He 6o1ee 00HOU CBO-
OOOHOLL NOHOU cucmembl 00PA3YIOUUX.

Hoxazamenvcmeo. Ilycte X u'Y — nBe pa3znuynble cucTeMbl oopasyronmx. To-
IJ1a UX CUMMETPUYECKasi pa3HOCTh HEMYCTa, M MOXKET OBITh J1Ba ciyyasi: 1u6o B X
€CTh 2JIEMEHT, He NpuHaaexamui Y, 1u6o Haobopot. Pa3zdepem ux.

[ycte 29 € X, z9 ¢ Y. IlockonbKy Y — monHas cuctema, o BeIpaKaeTcs
KaK 3HauCHHE HEKOTOPOro Tepma B curHarype oy. Ilycts ((t(yy,...,yn)) = xo 1
Y1, - - -, Yp — TOJIHBIA CHMCOK BXOJAIIMX B HEro snemMeHToB Y. Ho kaxnoe u3 y;
IpeICTaBUMO depe3 X, U IyCThb

n

Yn =Tn

cooTBeTCTByIOLIMe npencrasienns. Torna xg = ((t(r1,...,7,)), HO HOIYYHB-
LIMHCS TEPM yXKe B CUTHAType o x. MTak, Mbl IOJTy4mIn JiBa BBIPAXEHUS IS T,
1 X BOIPEKH MPEIOJIOKEHUIO HE ABISETCA CBOOOAHOM CUCTEMOM.

Bropoii cinyuail npuBoguTcs k abcypay aHaJIOTUYHO.

Wrax, Ml ipuBenu K adCypay MPEAroIoKEHUE O pa3Inuul CBOOOJHBIX CH-

CTEM 06pa3y101u1/1x, H, 3HAYUT, JI00BIE JABC TaKHMC CUCTCMBI AJOJXKHBI COBIIaAATh.
[]

CBoOoiHbIE anreOpandecKue CUCTEMbI MHTEHCUBHO UCTIONB3YIOTCS B TIOCIIET -
HEC BPEMA B TCOPUH TUIIOB JaHHBIX. Tam oHU ABASIOTCA 6a3HCOM, Ha OCHOBE KO-
TOPOTO CTPOUTCS TEOPHS OTPEACIICHUI TUITOB TaHHBIX.

Ternepb pacCMOTPHUM OIEPALIHIO TPSIMOTO IPOU3BEICHHS AJITeOPANIECKUX CTPYK-
TYp.

Onpenenenne 3.1.5.TlycTb (5;),., — CemeiicTBo anrebpanyeckmx CTpykTyp
curHatypel o. [psmbim npoussedeHuem anredbpanyecknx CTPYyKTyp Hasbl-
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BaeTcsi cTpykTypa [[..; S, onpeaensiemas cnegyroLmm obpasom.

icl
[Lic; Si-¢(1) ={f |Dom f =1 &Vi(i € I & f(i) € S;.{(7)}

Vi(feF&x(f)=(r, ..., Tn > 7)=>
Va1 € [ier Si-C(11) - - Vgn € [1ier Si-C(Tn)
[Lics Si-C(F)(g1s - -5 gn) = M. SiC(f)(91(3), -, gn(2))) (3.4)

VP(PeP& x(P)=(m, ..., Tn) =
Vg, € Hie] Si.((11) Vg, € Hiel Si-¢(Tn)
[Lic; Si-C(P)(g1, -, gn) < ViSi.C(P)(g1(7), - - -, gn(2)))

B cnyyae koHe4yHOro I MOXHO B onpefeneHnn aneMeHToB (PyHKUMN 3ame-
HUTb Ha n-kn.2 B npounsBeneHusix BMECTO x(i), rae x — anemeHT npounsBe-
AeHUA U ¢ € I, NULem pr; .

Boinenvm onvH BaxkHBINA KpaitHUM yacTHBIN ciaydai. [lycts B mpoussenennu 0
4JIeHOB. TOI/1a €CTECTBEHHO CYMTATh IPOU3BEACHUEM CTPYKTYP €IMHUYHYIO CTPYK-
Typy L. IMEHHO Tak Mbl U IPUHUMAEM B JlaJbHENILIEM.

B cmbiciie nanHorO onpeaenenus npocrpancTso R™ sBisercs npsMbIM IPOU3-
BesienreM n npoctpancTs RY. Ho onpenenenne 8==51uMeeT U aXUIECOBY MATY
— YCJIOBUE UCTUHHOCTHU NpeauKaToB. [[puHsATOE B HAM yCIIOBHE €CTECTBEHHO IS
paBeHCTBa. JleHiCTBUTENBHO, /1BA AJIEMEHTA MPSIMOTO MPOU3BEECHUS CTOUT CUUTATh
PaBHBIMU, JIUIIb €CJIM BCE UX KOMIIOHEHTHI paBHbL. HO moyemy Tak e IOAXOOUTh
U K JpyruM ycioBusM? [103ToMy BO3HHKIIO MMOHATHE (PHIBTPOBAHHOTO TIPOH3BE-
JICHUS.

Omnpenenenne 3.1.6.yctb £ — pelweTtka. Ee nogmHoxecTBO ¢ C L Ha3sbl-
BaeTCs ¢busibmMpPoM, eCnn BbIMOSTHEHbI CnegyoLmne ycnoBus:

1.Ecimac ®una<b 10bCE P;
2.Ecrimac®d®unbe ®,t0anbc P;

3.0¢ .

®dunbTp Ha3bIBAETCS MakcuMaribHbIM, UNW ybmpaghusibmpom, ECAN OH He
BINOXEH HN B KaKOW Opyron punetp.

OuIBTpBI U YIBTPadUIBTPhI Yallle BCETO PacCMaTpPUBAIOTCS Ha MHOXKECTBE
BCEX IMOJAMHOXECTB HEKOTOPOTO MHOXKECTBA HHIEKCOB [, o003Havyaemom P I. Ox-
HO CEMEHCTBO yAbTpadUIBTPOB MOCTPOUTH OYEHB JIETKO. B camoMm ferne, oueBu -
HO, YTO MHO>XECTBO BCEX MOJIMHOXKECTB [, COllep KaIlluX HEKOTOPBIN SJIEMEHT a:

{X|XCcl&aye X}

2DTH 1Ba TIPECTaBICHUS H30MOPMHEI 1715 KOHEUHBIX 1.
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spisieTcs ynbTpa@uisTpoM Ha P I. Takue ynbTpaduibTpbl HA3bIBAIOTCS 21A6HbI-
Mu 1160 mpueuanvrvimu.®

Mpennoxenue 3.1.5. Kascowviti puremp modicho pacuupums 00 yiompaghuio-
mpa.

Hokazamenvcmeo. OpauHabHas MOCIENOBATENBHOCTh GUIBTPOB P, HA3BIBACT-
csl HanpaenenHol, eciu u3 o < 3 cnenyer &, C 3. O6peqUHEHUE HAMIPaBIICH-
HOM 1OCJIeI0BATENIbHOCTH (PUIIBTPOB SABISIETCA (DUITBTPOM.

B camom gene, 0 He MPUHAANEIKUT HA OJHOMY U3 €€ YICHOB, 3HAYUT, OH HE
NPUHAIIEKNT U 00beuuenuo. Ecu a, b € |, P, TO cymectByer 3, Takoe, 4To
a,b € ®3,H0 Tornau a N b € $g. Ilocnennee ycnosue TpUBHAIBHO.

Teneps myctb $(y — npousBonbHBIN GuasTp. BrionHe ynopsiiouum Bee Guiib-
Tpel Haa L, Tak, 9T00b1 P OBLT ee mepBhIM yneHoM.? OuibTp ¢ HOMEPOM @ 000-
3HauuM .

[TocTponm mocienoBaTenbHOCTh GUIBTPOB CIEAYIOIIUM 00Pa30M:

\IIO = q)O7

\IjaJrl = CI),uﬁ. D30V
Vo = U6<w~a Wg.

31ech (t — KBAHTOP HAXOXKACHUS HAUMEHbILIET0 YUCIIa, YIOBIETBOPSIOIIETO 1aH-
HOMY YCJIOBHIO.

Halinercs Takoii MUHMMANBHBIA opauHan v, urto V., He onpexaeneHo. Torma
V., — MaKkCHUMaJIbHbIHA QUIIBTD, T.€. yIbTpaduasTp. I1o mocTpoenuro oH pacmmpsi-
et Og. [l

CuencrBue 3.1.6. Cywecmeyem neenasuulii ynompaghunomp na P(I), ede I —
OecKoOHeuHOe MHONCECmEO.

Hoxaszamenocmeo. Bee koxoneunvie monmMHoxxecta I (T.e. IOIMHOXKECTBA, Ube
JonosHeHue 10 I KoHeuHo) 00pa3ytoT GpuibTp. Pacmmpum ero 1o yasTpaduisrpa.
Hwu omH »11eMeHT Ha BXOTUT BO BCE MHOXKECTBA U3 TIOCTPOSHHOTO YABTpauiIbsTpa,
MIOCKOJIbKY OH HE BXOJHT B CBOE COOCTBEHHOE JIOTIOIHEHHE 10 [, SIBIISIONICECs
KOKOHEUYHBIM. []

He npocute MeHS IPUBECTH XOTsI ObI OIMH IPUMEP HETJIABHOTO YIBTpaUIIh-
Tpa xots 0wl Hag N. Eme B 19681. ConoBeit mokasai, 4To s16H0 TIOCTPOUTH €T0
HEBO3MOKHO.

B 1aHHOM KOHTEKCTE JTH JIBa CJIOBA CHHOHMMHYHEI (HO TPYIHO TI0100paTh APYTOH, Iyie OHH
TOXe ObUTH OBl pABHO3HAYHBIMH. )

“BoT To eIMHCTBEHHOE, HO KPHTHYIECKOE, MECTO, T/IE HCTIONMB3YeTCsl B MAKCHMATBHOM 00heMe
akcroma BeiOopa!
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CaeactBue 3.1.7. B moboii bynesotl aneebpe 015 11006020 deMeHma a u yiompa-
¢unempa Y b0 a, mbo a npunaonexcum P.

Lokazamenvcmeo. IlycTb A HEKOTOPOTO 2JIEMEHTA HU @, HUA G HE IIPUHAAJIEKAT
®. [Tycts ecTh nBa 3neMenTa b, ¢ € @, Takue, yro bNa = 0, cNa = 0. TornabNc =
0, HO 0 He MOXKeT npuHaAIexKaTh GUIbTPY. MTak, Mbl IpUBEIN K IPOTUBOPEUHIO
IIPEUIOKEHUE

Jr,y(zreP&yecd&rna=0&yna=0).
Ho OHO 9KBMBAJIEHTHO MPEIOKEHUIO
x(red&rNa=0)&Fylye ®&yna=0).
®opMyIUpys OTPULIAHUE TIOCIIEAHETO TPEITIOKEHHUS, TTOTyYaeM
Ve(re®=2xNa#0)VVylye®=yna+#D0).

Taxum o6pasom, 6o {a Nz |z € @}, mubo {a Nz | x € P} sBasercst Ppub-
TpoM, 1 & — He ynprpaduisTp. ]

Onpenenaenne 3.1.7.[lyctb & — ounbTp Ha [. QubmposaHHoOe rnpousee-
OeHue cemencTBa CTPYKTYP (S;),.; Mo unstpy & — akTop-CTpyKTypa
[L;c; Si no cnepytoLLen KOHIPY3HTHOCTW:

x%q>y<:>{i|i€]&pr:v:pry}€@. (3.5)

dunsTpoBaHHOE NpounsseneHne obosHavaeTca [[,.,/® S;

Omnpenenenne 3.1.8. opmyna A(Z) co cBOBGOAHLIMU MEPEMEHHBIMU Z ¢husTb-
mpyemcs o ¢punsmpy ® C P(I), ecnn ans noboro cemencraa CTPYKTyp
(Si)ier [ier/® Si = A(@) Torna v Tonbko Toraa, koraa {i | S; = A(prja)} €
D.

Mpenaoxenne 3.1.8. (Teopema Jlocsa) Jliobas hopmyna punempyemcs no m1o6o-
MY Yiempaguibmpy.

Hoxazamenvcmeo. DneMeHTapHbIE (POPMYITBI GHIBTPYIOTCS MO TH000MY QUITBTPY
COIVIACHO OIPEIENCHUIO (PHIBTPOBAHHOIO Npou3BeneHus. Jlanee neiicTByemM UH-
JOyKLKel 10 MOCTPOECHUI0 (GOPMYJIbI.

[TycTh U1 KOMIIOHEHT GOPMYJIbl PUIBTPYEMOCTh YK€ ycTaHoBIeHa. PaccMo-
TPHUM PA3ITUYHBIC JIOTHYECKHE CBI3KU.

A & B. Dra ¢popMyia HCTHHHA TOTJA ¥ TOJIBKO TOI/IA, KOrja o0e ee KOMIIo-
HEHTHI UCTUHHBI. Ho, 110 TIPeAIonoXeHnto HHAYKIIUH, TOTAa 00a OHU UCTHHHBI HA
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HEKOTOPBIX MHOXKeCTBax UHJEKCOB u3 €. Ho nepeceueHne MHOXKECTB U3 HHIBTPa
TaKKe TPHHAICKUT QUIIBTPY, [0 OHPEICTICHHIO.

A V B. B oany cropony. Ilockoneky A V B ucTHHHA Ha (QUIBTPOBAaHHOM
HPOM3BE/ICHNH, Ha HeM MCTUHHA 100 A, mubo B. ITycts uctunna A. Toraa, mo
HPENONOKSHUI0 HHAYKIUK, MHOXKecTBO {7 | S; = A(pr; @)} € ®. Ho Tornaa, mo
onpeeneHuo QUIbTPa, U MHOKECTBO

{i i Apra) v B(pirc?)} € o,

Bropoii ciryuaii pazbupaercst aHaJIOrH4HO.
B npyryto cropony. Ilycts

X = {z | Si | Alpra) v B(pir(i)} € .

Torna Ha HeKoTOpOM MoAMHOXKecTBe X McTHHHA A, a Ha ipyrom — B. O603Ha4nM
9TH noaMHOkectBa X4 U Xp. X N X4 O B. [Tockonbky 160 X 4, OO ero
JIOTIOJTHEHUE TpUHAyIeKaT ynerpadunsrpy @, mubo X 4 mubo X p npuHamiexur
.

Vz A(z). Mlycte Vo A(z) ucTHHHO Ha MHOXeCTBe U3 ynbrpaduisrpa. Ecin
Vz A(z) m0XHO Ha IPOM3BENCHUH, TO HMEETCSI TAKOE &, UTO

H/(I)Si = A(¢),

HO TOorga MHOXCCTBO

X={iliel&sS-HA@pre)

MPUHAIICKUT YABTPadUIbTPy, U Ha Beex Sy, ¢ € X noxHo Va A(x). Ho ato mpo-
THBOPEYHT MPEIONIOKEHHUIO.
O6parHo, eciu Vo A(r) MCTHHHO HA MPOU3BEACHUH, HO MHOKECTBO

X={i|iel&S:|VrA)

He TpUHAANIEKHUT P, TO X € & u s xkaxaoro i € X Haigercs & € 5;.U, Takoe,
uro U; 5 A(&;). Tloctponm £ cremyromnmm oopa3om:

&(7) mpou3BONBHO, WHAYE.
A(§) n0KHO HAa POU3BEICHHIH, YTO IIPOTUBOPEUHUT MPEMOTIOKCHHIO.

OcTaJbHbIC JTOTHYECKHE CBSI3KH pa30nparoTcst IOA0OHBIM ke 00pa3oM u ocTa-
IOTCS B KQ4€CTBE YIPAXKHEHUA. [
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[Ipoussenenue, GUIBTPOBAHHOE MO YIBTPAQUIBTPY, HA3BIBACTCS ) IbMpPanpo-
ussederuem. OJIUH YaCTHBIN CITy4ail yJIbTpanpOU3BEACHUS BCTPEYALSTCs 10CTATOU -
HO 4aCcTO — 3TO VIbmpacmeneHs, TPOu3BeIeHIUE ONUHAKOBBIX S;.

Mpenaoxenue 3.1.9. Jlrodas ynempacmenenv S codepoicum noocmpykmypy, u3o-
mopduyo S.

Llokazamenbcmeo. JneMEHTaMU JaHHOW CTPYKTYpPBI SBJISIOTCSA KJIACCHI SKBUBA-
JIEHTHOCTH oToOpakennit At € I. a mis Beex a € U. ]

3aMeTHM, YTO TaKoe U30MOP(HOE BIOKEHHUE BBIIIOIHEHO JUIs J1I000T0 (hrib-
TPOBAHHOT'O IPOU3BECHHUS, HO JIJIs1 YIIBTPACTENEeHEeH OHO 00J1a1aeT TOMOIHUTENb-
HBIM CBOMCTBOM, KOTOPOE CTOUT OTMETUTH. Bce PopMyIbl, HCTHHHBIE HA S, HICTUH-
HBI Ha JTF000M yIBTpacTernerHu .S.

Omnpenenenne 3.1.9. [1Be CTPYKTYpbl Ha3bIBAKOTCA 3/IeMeHmMapHoO 3Keusa-
JIEHMHbIMU, €CININ COXPaHSAIOTCA BCE 3aMKHYTble (POPMYIibl CUrHaTYpbl o.
varphi Ha3bIBAETCA a/leMeHmapHbIM erioxxeHuem S B S1, ecnn ¢ — noru-
Yeckuii MOHOMopdKr3m 1 ans nobon dpopmynel A(Z)

S A@) & 8 = Ap(d).

Takum 00pa3oMm, aIeMEHTapHOE BIOKEHHUE COXpaHseT Bce popMyrbl. Bioxe-
HUE JTI000# CTPYKTYpHI B €€ YAbTPacTeIeHb — 3JIEMEHTapHOE.

IMpumep 3.1.1. YacTUYHO-yNOpPsSAO4EHHOE MHOXECTBO paLMOHanbHbIX Yu-
Cen aneMeHTapHO BKablBAeTCsl B YACTUYHO-YMNOPSA0YEHHOE MHOXECTBO
LeNCTBUTENbHbIX YMCEN.

W, HakoHell, KOCHEMCSI BOIIPOCA O COOTHOIICHUSIX MEXAY CTPYKTypaMH pa3-
HOW CUTHATyPHI.

Onpeneaenne 3.1.10. Byaem roBopuTtb, YTO 0; C 03, ECININ COOTBETCTBYIO-
LLiMe MHOXeCTBa BIIOXEHbI U XapaKTepUCTUKN COBMagarLWmnx SreMeHToB
OflHV U Te xe.® B aTom cryyae HasbiBaeM cUrHaTypy o, 02paHUYeHUeM o,
a oo — pacwupeHueM o, . PaclunpeHuve (orpaHnyeHune) murnosoe, eCnu Bce
CUMBOIbI 03, B XapakTePUCTUKE KOTOPbIX HET TUMNOB U3 5. T\ 1. T, NpuHaa-
nexat COOTBETCTBYIOLLUNM MHOXECTBaM o .

Anrebpaunyeckas CTpyKTypa S; CUrHaTypbl o1 — Cy>XXeHue CTPYKTYpbI S,
CUrHaTypbl o9, @ So — pacwupeHue S, eCriv Bce HOCUTENN TUMOB S; CO-
BMadalT C COOTBETCTBYIOLLUMMU HOCUTENSAMU B S, U 3HAYEHUA BCEX MpU-
CYTCTBYHOLUMX B 0y CUMBOSIOB OHWN U TE Xe.

SMB&I i1IeM 31ech C MPOCTO MOTOMY, YTO HaM JaHHbIH 3HaK GOIbIIE HPABUTCS, @ MaTeMaTH-
YECKYIO TPaJUIIMIO YIIOTPEOISTh €T0 B MEHEE ECTECTBEHHOM CITydae He yAanoch ciomarh aaxe H.
Bypbaku.
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IMpumep 3.1.2. AoAnTMBHASA rpynna 4eNCcTBUTENbHbIX YMCen SABMSETCA Cy-
XeHneM norns AencTBUTENbHbIX YMCen, a BOT MyNbTUMNMNNKaATUBHAS rpynna
TaKoBOW He ABNAETCS, NOCKOMNbKY M3 HocuTens BblibpackiBaetcs 0.8

BekTopHOE NpocTpaHCTBO HaA nonemM P MOXHO paccMaTpuBaTh Kak TU-
NoBOE pacLUMpeHne COOTBETCTBYIOLLENO MONS.

B cBs3u ¢ paciupeHUsAMU CTPYKTYp U C NPUIOKEHUSAMU CTPYKTYp B COBpe-
MEHHOM MPOrpaMMHPOBAHUHU BaXKHO PACCMOTPETH CIEIYIOLIEE IOHATHE OMHOCU-
MenbHOU CMPYKMYypbl.

Onpenenenne 3.1.11.TlycTb 0 C 0. [lycTb R — HeKOTOpasi CTPYKTypa Cur-
HaTypbl 0. Knacc OTHOCUTENBHLIX CTPYKTYP ANA R B CUrHaType o — Knacc
Takux CTPYKTYp,* ANs KOTOPbIX R ABNAETCA TUMOBLIM OrpaHUYeH1EM.

B uacTHOCTH, KJIacC BEKTOPHBIX MPOCTPAHCTB HaJ MOJEM JEHCTBUTEIBHBIX
YHCeN — OJIMH U3 KIaCCOB OTHOCHUTEIBHBIX CTPYKTYP HaJl CTPYKTYPOU MO ek~
CTBHTENBHBIX yncen Ry ..

Han oTHOCHTENIBHBIMU CTPYKTYpaMH OTI€paALU OOBIYHO TPOU3BOISATCS HECKOIIb-
Ko no-ApyroMy. Hanpumep, npsiMoe npou3Be€HUE OTHOCUTEIbHBIX HAJl OTHUM U
TeM ke R cTpykTyp O6epercst muiib it TUNoB, He Bxosaimux B R. Camo R ocraercs
HensMeHHBIM.E ToMoMOp()H3MBI TAKUX CTPYKTYp He H3MEHSIOT R.

IMpumep 3.1.3. PaccmoTpum cryyan, Kak UCNosib30BaHME NepexonoB U Co-
OTHOLLUEHNI MeXAy pasnunyHbIMKM anrebpanyecknmMm CTpykTypamm nossBo-
NsieT CoKpaTuTb paccyxaeHus. 3BecTHO, 4To nobas KoHevHas rpynna
n3omopdHa HEKOTOPOW rpymnne nogCcTaHoBOK. Yemy nsomMmopdHa MynbsTu-
NNuKaTMBHAA rpynna HEBbIPOXAEHHbIX MaTpUL, BTOPOro nopsigka Hag by-
nesbiM nonem® B = {0,1}?

MOXHO NPAMO BbINUCaTb BCE HEBLIPOXAEHHbIE MaTPULbl, UX NPON3BE-
AEHMS U NOTPaTUTb Yac Ha pelleHne AaHHOM 3aa4mn. A MOXHO paccyauTb
crnegyowmnm obpasom 1 3aKOHYUTb PELLEHNE 3a Napy MUHYT.

MaTtpuubl BTOPOro nopsiika npeacraenstoT cobon nnuHenHole otobpa-
XXEHMSA BYMEPHOro BEKTOPHOIO NPOCTPaAHCTBA Haj AaHHbIM nonem. B aax-
HOM Cry4yae BEKTOPHOE NPOCTPaHCTBO NpeacTaBnsieT cobom COBOKYNHOCTb

5Takum 06pa3oM, Hallle TIOHATHE CY)KEHHS M PACIIMPEHUS CTPYKTYp HE COBCEM OTPAKaeT HH-
TYWUTHBHOE.

"Kak Bceryia, ¢ TOYHOCTBIO 710 H30MOpdH3Ma.

8370 — mepBBIif U3 BCTPETHBIIMXCS HAM TIPHMEPOB PUBEOCHHO20 NPOU3EEOEHIUsL, KOTOPOE Y-
JET pacCMOTPEHO MOAPOOHEE B IIABE O KaTETOPHUSIX.

9Ynm, uTo TO Ke camoe, TMoJIEM BHIYETOB MO MOJYIIO 2.
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YeTbIpeX ToOYEK

(1,0)0 o(1,1)

(0,0)0 0(0,1)

(0,0) He N3MeHsIeTCA NPY NMUHENHBIX OTOOPaXeHWsX, U, NOCKOMbKY HEBbI-
pOXAEeHHas maTpuua 3agaeT B3anMHO-OAHO3HAYHOE NMHEHoe oTobpa-
)KEHWe, TO ocTarnbHble TPY TOYKM NepecTaBnsaTcs Mexay cobon. Tak kak
BCE OHW NOMapHO NUHENHO HE3aBUCUMBI, NoOble ABE N3 HUX MOTYT CTaTb
obpasom 6asuca, a TpeTbs Torga byaet obpasom (1,1), U Mbl nonyyaem
BCe nepecTtaHoBku.*

Ynpaxnenus k §3.1

3.1.1. A nmoyemy B nmpumMepe d=3=8MbI He 100aBWIH tg U ctg?

3.1.2. ChopmynupyiiTe CUTHATYPY JUISl €BKJIUIOBBIX BEKTOPHBIX MPOCTPAaHCTB. =

3.1.3. ChopmynupyiiTe curaarypy s OyJaeBoil aireopsl.

3.1.4. MOXHO 11 paccMaTpHUBaTh KaK alredpandecKyr CTpyKTypy Gpopmysisl j10-
rUKH nipeankaToB? Ecin 1a, To Kakue ornepanuu Hajl JJOTHIeCKUMH GopMy-
JIaMH TIPU 3TOM OCTAIOTCSI BHE CTPYKTYPhI?

3.1.5. MoXHO 71 paccMaTpUBaTh MOJHYIO OyJieBy alre0py Kak anreOpandeckyro
CTpYKTYpy? UTO 3TOMY MeInaer?

3.1.6. Anrebpanueckas cucTemMa U3 npuMepa d=3=DsBIIsICTCS TAKOBOM, JIUIITb €CIIN
BLINONHEHA HekoTopas Teopema. Copmymupyiite ee. 22

3.1.7. [lpuBeaure mpuMep B3aUMHO-OAHO3HAYHOTO TOMOMOp(dU3Ma, HE SBISIO-
IIETOCst H30MOP(PHU3MOM.

10B nanHOM crydae mocneaHMIT ApryMEHT MOXKHO GBITO GBI 3aMEHHTH HA MPAMOi TOJICYET JH-
clla HEBBIPOXKIEHHBIX Marpull. Ho 310 — TynukoBeIi 1t 00001eHnid BapuaHT. CMOTPH HYKe
ynpaxHeHne ==

1lykazanue. Bocrons3yiiTech TeM, 4TO IS OPE/IEICHNS eBKIHI0BOI METPHKH U €BKIIHI0BOTO
0asuca JOCTaTOYHO BBECTH OIEPAIINIO CKAISPHOTO MPOU3BEICHHUS BEKTOPOB.

12314 TeopeMa M Ha caMOM Jielie BBITIOJHEeHA, HO, MOKeT OBITh, y Bac He ObLTO ee B Kypce Ma-
TEMAaTUKU.
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3.1.8. [IpuBeaute npumep anredpandeckorl CUCTEMBI, HE UMEIOIIEH MOACUCTEM,
KaHOHUYECKOE JIOTHYECKOE MPEICTABIICHUE KOTOPO UMEET TIOJICUCTEMBI.

3.1.9. A 4ro sIBNISIETCS 3HAYCHUSIMU KOHCTAHT B pakTop-anredpe?

3.1.10. IlpuBenute npuMep, KOraa Ajs anredpandeckol CUCTEMBI =, I HEKO-
TOPOro ToMOMOp(hHU3MA (p HE SIBIIIETCSA KOHIPYIHIIUEH.

3.1.11. ITycts anrebpanueckas cucTeMa Z~ UMeeT HOCHTENIEM MHOKECTBO IIeJTbIX
4ycen Z U aBe 0OblYHbIe onepanun + 1 —. OdeBuaHo, uto {1} sBisercs
TIOJIHOM cHucTeMOl 0Opasyromux s Z ™. IIpuBeanuTe IpUMephl JPyTHuX CH-
cTeM 00pa3yloIIKX, B TOM YHCIIe U3 HECKOJIBKUX 31eMeHTOB. CBOOOIHA U
XOTb OJIHA U3 HUX?

3.1.12. [IpuBeauTe mpuUMeEp CUCTEMBI, B KOTOPOIl HET MOJHBIX CUCTEM 00pa3yro-
UX 1 JII00asi cucteMa o0pa3yronux COCTOUT He Oosiee YeM U3 OHOTO dJie-
MEHTA.

3.1.13. BepHo 111, 4TO B MPOrpaMMHUPOBAHUH MTPOU3BOJHBIN OOBEKT MOXKHO pac-
CMaTpUBaTh KaK PacHIMPeHne NCXOIHOTO? Beb Bce ormeparuu 1 moss ocTa-
FOTCsI, MOT'YT OBITH JIUIIIH 100ABJICHBI HOBBIC?

3.1.14. Crynent MHTEMIEKTYaIOB 3asBUT:

— A 3a4eMm Bce 3TH TOHKOCTH ¢ (pummsTpamu ? [IpocTo pa3aenum npeaukaTs
Ha JIBa Kjlacca: cuiibHbIe U cinadbie. CuiibHbIC OyIeM CUMTaTh HCTHHHBIMU,
€CJI OHM UCTHHHBI HAa BCEX KOMIIOHEHTAX, a CJ1a0ble — €CJIM OHU UCTUHHBI
XOTs OBI HA OJTHOM.

Uro Bl MoXkeTe cKa3aTh 1O IOBOY 3TOTO MPEIIOKESHUS ?

3.1.15. BaoxHoBneHHbIE TpUMEPOM 3=, cTylIeHTHl HaYaan 0000mars TaHHOe
npeioxkenue. KiaccukoB 1okasal, 4To 31eMeHTapHO YKBUBAJICHTHBI 8 /11 -
THBHBIE TPYIITBI PAllMOHANBHBIX U ICHCTBUTEIBHBIX YHcen, TaaaHToB 0000-
U1 3TO 10 YIOPSIOYECHHBIX aJAMTUBHBIX rpymIl, [ eHnanbskuc — 10 ynopsi-
JIOYEHHBIX MYJIBTHILTHKATUBHBIX TPy, a JIBIIIapEeHKO CBEJ Ba MOCIETHUX
pe3ynbTara B 9KBHBAJICHTHOCTD TTOJICH PAllMOHATIBHBIX U JIEHCTBUTEIEHBIX
guces. Bac mpocsT paccyuTh 1aHHYIO JUCKYCCHIO.

1. KT0 U3 CTYIEHTOB CUIILHO YBIJIEKCS U KaK JIETKO OIIPOBEPTHYTh UX MPEJI-
JIOKEHUA?

2. A 4r0 Xe ocTaeTcs BEpHBIM ?

3.1.16. Kakoii rpyrimne moicTaHOBOK H30MOp¢Ha IpyTina HEBBIPOKICHHBIX Oyie-
BBIX MaTpPHIL N-TO TOPs/IKA?
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3.1.17. A MynbTUTIIIUKaTUBHAS TPYIINTA HEBBIPOXKIEHHBIX MATPHUI] BTOPOTO MOPSIJI-
Ka HaJ[ IT0JIEM BBIYETOB MO MOAYJI0 3?7

3.2 MHoroo6pa3usi u Apyrue akCMoMaTu3npyemble
KJIACChI

Kak MBI ye roBopuii, Jaxxe TpyIibl HE ONUCBIBAIOTCS MPOCTO Kak anredpanye-
ckue cTpyKTypbl. [ToaTomy mnepeiiem k aaredpandeckum CTPyKTypam ¢ JOMOJ-
HUTEJIbHBIMHY OTPaHUYEHUSAMU. DTH OIPAaHUYEHUSI MOTYT HAKJIabIBaThCs BOSKO!
4epe3 GopMyIIbl B JAHHOM CUTHATYpe (BHYTPEHHHE, UITH aKCHOMAaTHYECKHUE, Orpa-
HUYCHUS) U Yepe3 MPsIMOe OrpaHMUYCHHUE KIIacCa pacCMaTPUBACMBIX CTPYKTYP.

Omnpenenenne 3.2.1.[1yCcTb 3aaH HEKOTOPLIN Kracc CTPYKTYp = CUrHaTypbl
o. Teopust Th gaHHOW curHaTypbl ABNAeTCA meopued 07151 =, eCnn Kaxaas
CTPyKTypa U3 = asnsetca mogenbio Th.® Th nonHa Ha =, ecnu kaxaas
dopmyna curHatypbl o, ICTUHHAsA Ha BCeX S € =, aBnseTcd TeopemMon Th.
Knacc = akcuomamu3supyem, ecnv umeetcsa Teopua Th ana =, Takas, 4to
Ha nobor CTpyKType S ¢ = cUrHaTypbl o NOXHa XOTs Obl OQHA M3 aKCMOM
Th.

IMpumep 3.2.1.pynnbl v NONyrpynnbl SBASOTCS NPUMEpPamMm akcuomaTunam-
PYeMbIX KITacCOB CTPYKTYp, @ BEKTOPHbIE NPOCTPaHCTBa Hag R — Heakcu-
oMaTu3NpPyeMoro, NoCKosbKy R He MOXET ObITb ONMMCaHO HUKAKON Teopuen
1 BCerga BO3MOXHbI HECTaHAAPTHbIE MOAENMN.

OcoOeHHO MHTEPECHBI U MOIYUYUIIU B MOCIEHEE BpEMS IIMPOKOE MPUMEHE-
HHUE B TEOPHU M YaCTHYHO B MPAKTUKE MPOrPaMMHUPOBAHUS HEKOTOPBIE YACTHBIE
aKCHOMaTH3HpYyEeMbI€ KJIaCChl TEOPUH.

Omnpenenenne 3.2.2. [I-gpopmyna — dopmyna suga vz A(%), rae A(Z) —
6eckBaHTOpHas. Toxdecmeo — popmyna suaa vz P(¥), rae P(¥) — ane-
MeHTapHas. Keazumox0ecmeo (XOpHOBCKUU OU3BbHOHKM, XOpHO8CKasi ¢hop-
myna)* — cdopmyna suaa

VI (Qi(Z) & - & Qn(Z) = P(1)), (3.6)

rae Q;, P — anemeHTapHble opMynbl.

13MEI crienuanbHO Janu Takoe MOHATHE TEOPHH I =, IOCKOJIBKY HAM YacToO HyKHA He M00ast
Teopusi, & KOHEYHO aKCHOMATU3UpyeMasi JTHOO ¢ Pa3spelIuMbiM MHOXKECTBOM aKCHOM, H B TAKOM
cllyyae Jiydiiie MOKEpTBOBATH MOJIHOTOM, 4TO U ACTAIOT U B MaTeMaTuke. U B HH()OpPMaTHKe.

14 TepMHHBI KBa3HTOKIECTBO U XOPHOBCKAs (hOpMyIIa yIOTpeOIAIOTCs B anredpe U JOTHKE, a
XOpHOBCKI/Iﬁ AU3BIOHKT — B IIPOTPaMMUPOBAHUN U KUCKYCCTBEHHOM MHTCIUICKTE.
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Knacc = Ha3blBaeTcss MHO2006pa3uem, eCniv OH akCMomMaTusmpyem Teo-
puen U3 TOXOeCTB, K8a3UMHO2006pa3ueM, eCrii OH akCMoOMaTU3MpyeMm Te-
opuven U3 KBasnToxaecTts, II-kmaccom, ecnun oH akcMomaTusnpyem Teopu-
eun u3 [1-popmyn.

Ipumep 3.2.2. [pynnbl ABASOTCA MHOroobpasnem, onncbiBaeMbIM, Hanpu-
Mep, Teopuen
Vr,y,zxo(yoz)=(roy)oz Vreoxr=xz

3.7
Vezox 'l=e Vexlox=e (3.7)
Teoputo rpynn 6yaem obosHa4vath G.

3ameTum, 4To, ecnm YNCTo hopmarnbHO 3asiBUTb, YTO BBOAUTbL Oonepa-
Lnt0 B3ATUS 06paTHOro U eanHULY HET HEOBXOAMMOCTIN, AOCTATOYHO Mo-
CTYNMpOBaTb Pa3peLuMOCTb YpaBHEHUN

Ve,ydzzxoz=y Vrx,ydzzox=y (3.8)

TO Knacc rpynn nepecrtaet 6bITb gaxe I[I-knaccom. Takum obpasom, YUCTo
nornyeckas 3KBMBaneHTHOCTb He BCerfa AaeT camyto yaobHyo chopmynum-
POBKY.

Ipumep 3.2.3. YNnopsagodeHHbIe rpynnbl SBASKOTCS KBa3MMHOroobpasmnem,
MOCKOMbKY K akcnomam G fobasnsioTcsa crneayolme Toxaectsa n KBasu-
TOXOecTBa:

Ver <x Ve,y,2(e Ky & y<z=2<2)
Vr,y(x <y &y<z=a=y) (3.9)
Ve,y,2(e Ky=xzoz<yoz) Veyzlx<y=zox<zoy)
3aMeTumM, 4T1o, ecinun Obl Mbl B3NN B Ka4YecTBe MCXOOHOrIO NMOHATUA <, TO Y
Hac nosiBunach Obl HE XOPHOBCKasA akCcnMomMa

Ve,y(z <y = -y < z).

WTak, 1 30ecb Mbl BUOMM, HACKOSbKO BaXKEH NPaBuUIbHbIN BbIOOP NCXOAHBIX
MOHATUN.

Ipumep 3.2.4.T1onsa He ABNAKOTCA AaXe KBa3MMHOroobpasnem, NoCKObKyY
B aKCMoMax ansl ' Heo6xoanMo oroBapuBath ycroBsue x # 0:

Ve,y,za - (y-z) = (z-y) - 2 Vel -z=2x
Ve(z #0=xz -1 =1) Ve(z #0=z"1 -2 =1)
Ve,y,zx+(y+2)=(r+y) + 2 VeO+z =2 (3.10)
Ve,yr+y=y-+zx Vex + (—z) =0
Ve,y,zz-(y+2)=x-y+x-z

Mons asnsatotca [I-knaccom.
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3ameTnM, 4TO MOHSATHE CBOOOJHON anreOpanyecKoi CHCTEMbl, BBEICHHOE B
npensIayIieM naparpade, He COBIAIAeT C MOHATHSIMU CBOOOTHBIX T'PYIII, CBO-
OOIHBIX NOXYTPYII U T.1., IPUHATHIMU B anredpe. B wactHOCTH, B MI000# rpymnme
€ 0 e = e, U 3HAYCHUSI HEKOTOPBIX TEPMOB coBIaaoT. Ho B 1060M KBa3MMHOTO-
00pa3uy MOXKHO BBIICTHTH aIreOpandecKyro CHCTEMY, B KOTOPOU MMPHHUMAIOTCS
JUUb TAKUE COOTHOIICHUS MEKIY SJIEMEHTAMH, KOTOPBIE MBI 8bIHYHCOEHbl TIPU-
HSTb, UCXO/IS U3 aKCHOM. DTa CUCTEMA H CIY>KUT (hOpMasin3arueil pa3ImyHbIX M0-
HATHIA CBOOOAHBIX anredp u3 anreopsl.

Onpenenenne 3.2.3. [lycTb = — KBa3uMHoroobpasue anrebpanyeckmx cu-
cteM, X — MHOXEeCTBO TUMU3UPOBAHHbIX KOHCTaHT, = * X — KBa3WMHO-
roobpasue, nonyyaemoe nepexogom K CUrHaType ox C COXpaHEHMEM Tex
Xe aKCMOM. =y — COBOKYMHOCTb anrebpanyeckux cuctem m3 = x X, nopo-
xpaemblX X. M — vHUUManbHasa Mmoderlb OTHOCUTENBLHO =y, ecnu cama
M npuHagnexuT Zx 1 cywecTByeT anumopdunam na M Ha nobyto gpyryto
anrebpanyeckyto cMctemy n3 Zy.

Teopema 3.3. (Teopema 06 unuyuanvnoit moodenu) B 1060m K6a3umMHo2000pa-
3Ul = UHUYUATLHASL MOOENb OMHOCUMENbHO X cywjecmeyem mo2od U moibKo
moeoa, Ko2oa ecmb aneedPauecKas CmpyKmypa, 6 KOmopou 3HAYeHUsl 6CeX KOH-
cmanm 0na X paziudtol.

Hoxazamenvcmeo. PaccMOTpUM MHOKECTBO TEPMOB HaJl CUTHATYpoil o x. I1ycTh
Th — Teopusi, akcnoMaTu3upyoLasl = U COCTOALIAs U3 KBa3UTOXecTB. IlycTh
Thx — ee pacmmpenue koHcTaHTaMu U3 X 0e3 J00aBiIeHns] HOBBIX akchoM. Pac-
CMOTPUM MHOXKECTBO JIEMEHTAPHBIX (popMy1, ABIstOIIMXCSA TeopeMamu [ hy. Te-
Heph MOCTPOUM anredpandeckyro cucremy S B aBa dtama. Jtan 1. Ctpoum ai-
reOpanueckyro cuctemy Sy. MuoxecTBOM ((7) U KaKa0ro TUIa OyaeT MHO-
JKECTBO TEPMOB COOTBETCTBYIOIIETO THIIA, [ MIEPEBOIUT TEPMHI 1, . . ., L, B TCpPM
f(t1, ..., tn), P(t1, ..., t,) canTaeTCS] HICTUHHBIM TOTJA U TOJBKO TOTAA, KOTIA
OHO J0Ka3yeMo B Thx *8

Teneps 3amMeTuM, yTO OTHOWIEHUE Thy - ¢ = w sBIAETCS KOHIpy>HLUEH Ha
anrebpanueckoit cucteme Sy. O603HAYNM €10 =7,.

OT1an 2. Bo3pMeM B kauecTBe S (HaKkTOp-CHCTEMY S) MO OTHOILCHUIO Zrp,.
To, uTo cymecTByeT snUMOpHU3M U3 S Ha JOOYIO CUCTEMY S U3 =, OUEBUIHO.

15Takum o6pasom, Bce HelOKasyeMble dIEMEHTapHbIE (OPMYIbl CUATAIOTCS JOKHBIMH. ITO
TIPE/TIOIOKEHHE TIONYUHIO B COBPEMEHHOM JIOTHUECKOM MPOrPAMMHUPOBAHHH H HCKYCCTBEHHOM
MHTEJIEKTE FPOMKOE Ha3BaHHE

MpuHUMN 3aMKHYTOCTM MMpa

Y PUOOPETIO YPEe3BBIYANHYIO TOMYSIPHOCTD B IAHHBIX KpyTrax. 37€Ch MBI JIMIIb IIOKA3bIBAEM J1aB-
HO M3BECTHBIE MPEANOCHIIKU JJI1 BOSMOXHOCTH €r0 IPHHATHUSA, IIPY HAPYLIEHUH KOTOPBIX 3TOT
MIPUHIAI COBEPIICHHO HenpuemiieM. CMOTPH HIDKE YIPaKHEHUS.
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JIro6oi armeMeHT S ABJISETCS 3HAYEHUEM HEKOTOporo Tepma t. COOTBETCTBEHHO,
OTHOIIeHHE S1 |= t = u ABISIETCSA OTHOIICHHEM KOHTPYIHTHOCTH HA MHOXECTBE
TEPMOB, OHO CHIJIbHEE =7,, TOCKOJIBKY S SBISETCSA MOAENbI0 Thy. Tak 4ro mto-
00M KJIacC SKBHBAJIEHTHOCTH OTOOpaxaeTcs B KJIACC SKBHBAJICHTHOCTH HEKOTOPO-
TO CBOETO IIPEICTABUTEIIS.

OcTanock J10Ka3aTh, 9T0 S — MoJeNib | hy. J[7s 3TOro Hy>XHO MOKa3aTh UC-
THHHOCTB BCEX aKCHOM | hx.

Bo3zbMmem niponsBosibHY0 akcuoMy T hx. Ona umeet Bun (8=68). UToObI oHa ObI-
Ja UCTUHHA, OCTATOYHO, YTOOBI JUIS TFOOBIX 3HAYCHUU X1, . . . , Lpp, IPH KOTOPBIX
UCTHHHEI Bce ();, Obu10 HicTuHHO P. [lojcTaBuM BMECTO 1, . . ., &, TPOU3BOIb-
HbIe KJIACCHI SKBUBAIEHTHOCTH TEPMOB £ 1, ..., t,,. Ecmm Bee Q;(t1, ..., t,) uc-
THHHBI, TO M0 TIOCTPOCHHUIO S, HoKaszyembl Q;(t1, .. ., t,,). 3Ha4uT, Mo (3=6), 10-
kazyemo u P(ty, ..., t,,), ¥ IO HOCTPOEHHIO UCTHHHO P(ty, ..., t,,). ]

I/ITaK, IIOCTPOCHUEC HHHHHaHBHOﬁ MoJA€JIu 1O BUAY OYCHDb HpOCTO: OTOXIC-
CTBJIAAEM JIMIIB TC TCPMBI, JJIsI KOTOPBIX PaAaBECHCTBO AO0KAa3yE€MO U ITPUMCHACM IIPUH-
ITUTT 3aMKHYTOCTH Mupa. [1o moBogy HEBO3MOXXHOCTH 000OIIEHHs] TEOpEMBI 00
WHHIIMATBHOW MOJICTTH CM. YIIPaKHECHUS.

Ipumep 3.2.5. CBo6oAHas rpynna c obpasyowmmm A = {ay, ..., a,} 9BNa-
eTCcs nHMUmManbHon moaenbto Gy.

Ipumep 3.2.6. B coBpeMeHHOM “fIOrMyeckoMm nporpaMmmupoBaHuu,”gabbl
npeoaoneTb TYNuK, B KOTOPbIN OHW caMun cebs 3arHanu, NPUHAB YaCTHbIN
cnyyan MNPOJOlMa 3a o6wun, noHATUE Nonsa Nopoto hopmynupyeTcs cre-
Aytownm obpasom. Beogutca HoBbivi npegukat NEQ(z,y), Ana Bcex pas-
MMYHBIX KOHCTaHT AaHHoro Ttuna noctynupyetca NEQ(c, d) n, NOCKONbKY
HWUr4e HeT HWU OfHOW akcMoMsbl, koTopasi Bena 6bl oT NEQ(z,y) Kz = y, B
MHULMAIbHOM MOoEenn OH BblpaXkaeT HepaBeHCTBO. Ho npu paclumpeHum
Takux Teopun Nnbo mogenemn o4eHb NIerko NPOCMOTPETb HESIBHYHO LIENOYKY
3aBMCUMOCTEN, pa3pyLUaloLLylo JaHHOe YMOn4YyaHue.

PaccMoTpum Teneps HECKOJIBKO TOHKHX JIOTHKO-aJITeOpandecKux pe3ysibra-
TOB, TIOKA3bIBAIOIIUX NMPUATHBIE CBOMCTBA MHOTOOOpa3Hii, KBA3MMHOTO00pa3uii U
II-xmaccos.

Onpenenenne 3.2.4.Knacc 3aMmKHym omHocumersribHo nodcucmem, eCniv OH
coaepXxuT BMecTe ¢ ntobon anrebpanyeckomn CUCTEMON BCE €€ NOACUCTE-
Mbl. Knacc 3aMKHym omHocumesribHO KOHEYHbIX MPsiMbIX rpou3gedeHud,
€CNnn OH CoaepPXUT BMecTe ¢ nobbiMn cuctemamm Sy, ..., S, UX npsmoe
npousBegeHune S; x - -+ x S,.

Teopema 3.4. (Teopema Jlocsa-Tapckozo) Knacc = sensiemces 11-knaccom moeoa u
MONbLKO M020d, K020d OH AKCUOMAMUUPYEM U 3AMKHYN OMHOCUMETbHO NEPexo0d
K nOOCUCMEMAaM.




46 ITTABA 3. AJITEBPAUYECKHUE CUCTEMBbI

Joxazamenvcmeso. Jlokaxxem Oosee obOmee npemioxkenue. [lycte Th — kakasi-
00 TEOpHs, aKCHOMATU3HUPYIOIas =; U MoyHas Ha =;. Yepe3 Thy 0603HaYMM
MHOecTBO Beex [I-hopmyn, sBrstomuxces Teopemamu T h. Kimace Bcex noacucrem
CHCTEM M3 = 0003HAYUM =o. JIOKaXKEM, YTO =y — B TOYHOCTH KJIACC BCEX MOAC-
neii Thyy.

Bo3zpmem HekoTopyro Moaens M teopun Thyp. BBenem koHCTaHTBI U1 Beex ee
3JIEMEHTOB M PACCMOTPUM Ouazpammy M — TeopHIo, COCTOSILYIO U3 BCEX UCTUH-
HBIX U BCEX OTPHIAHUI JIOKHBIX dIeMeHTapHbIX popmyi Buaa P(c). O603HaunM
a1y Teopuro Dy,. Jlokaxem, aro Teopust Dy, U Th coBmecTuma.

B camom nene, ecim oHa POTHBOPEUMBA, TO IPOTUBOPEUNBO HEKOTOPOE KO-
HeuHoe pacuipenue Th dopmynamu u3 auarpamMmbl. BeimuiieM KOHBIOHKITHIO
51X popmynt Dy (€), rae € — COBOKYMHOCTh BCEX KOHCTAHT, BXOJISIINX B TAHHbIE
dopmysel. [To npeamnonoxkenuto, B reopud Th gokazyemo — Dy(C), HO HU OfiHA U3
KOHCTAHT C HE BXOJWT B CUTHATYpy Teopuu | h, U, 3HaYMT, HA cCaMOM JeJie JI0Ka-
3yemo V& — Dy (Z). Ho ato yxe II-dpopmyna, u, 3Haunt, oHa uctiunHa Ha M. Ho
TOT/a, MOJICTABIISIS B Hee C, oay4daeM — Dq(€), 4T0 IPOTHBOPEUHUT OMPEACIICHUIO
Dy ().

Teneps, Mo TeopeMe MOIHOTHI, HocTpouM Mozens Dy U Th. O6o3HaunMm ee
M, . TTockonbKy Ha He#l HICTUHHBI Bce (popMyItbl U3 tuarpaMmel M, UMeeTcs ecte-
CTBEHHBIU Jlornueckuit MoHomophusm M B M. tak, Mbl BIOXKUIU TPOU3BOJIb-
HYI0 Mozienb Teopun | hyp B Monens Teopun Th.

OO6parHoe yTBep KAeHUE TPUBUAIIBHO, IOCKOJIbKY J1to0as uctuHHas [I-gpopmyna
0CTaeTCs TAKOBOI! 1OCIIe BHIOPAChIBAaHHSI HEKOTOPBIX 3JIEMEHTOB U3 Moztenu. [

OTMETUM CIOKHYIO JIOTHUECKYIO CTPYKTYPY IaHHOTO KOPOTKOTO JI0Ka3aTelhb-
ctBa. CHavasa Mbl 0000 JJOKa3bIBAEMOE MPEIOKEHHE, 3aTeM BOCIIOIh30Ba-
JIUCh KOMITAKTHOCTBIO B OJIHY CTOPOHY, ITOTOM B ApyTyto. M, HakoHeI], Mbl BOC-
MMOJIb30BAINCh CBOMCTBOM MOJIECIICH.

Teopema 3.5. (Xapaxkmepu3zayus keazumnozooopaszuii) Akcuomamusupyemviii K1acc
ABNAEMCS KBA3UMHO2000pa3uem mo2o0a u mojbko mo2od, K020a OH 3aMKHYmM Om-
HOCUMENbHO NOOCMPYKMYP U KOHEUHbIX NPAMBIX NPOU3BEOEHUL.

Lokazamenvcmeo. IlepBoe ycnoBue onpenenset [I-knaccsl. Bropoe paccmoTpum
aHaJIOTUYHO Ipeblay1el Teopeme. HauHeM ¢ A0cTaTOYHOCTH, U JTI0OKaKeM 00JIb-
1iee: 3aMKHYTOCTh KBa3UMHOT000pa3Hsi OTHOCUTEIBHO NPOU3BOTbHBIX (DUTLIMPO-
8anHbIX npoussedenutl. B caMmoMm nene, mycTh KBa3UTOXKIECTBO

VE(QL(T & -+ &= P(T))

UCTUHHO Ha S;, Te ¢ € P, u Tem He MeHee T0KHO Ha (PUITBTPOBAHHOM TPOU3BE-
neHun. Torna ecthb £, Ha KOTOPOM JIOKHO

— —

Q1(8) & -+ & Qn(§) = P(§).
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3HaHI/IT, BBITNIOJIHEHBI CIICAYIOINUE YCIOBU.

— —

Hie[/q)si):Ql( )@ {i|i€]&5’i):Q1(pri§)

[Licr /2Si [ Qu(€) & {i|i € I & Si | Qulpr;€)} € @ (3.11)

— —

[l /25 = P(E) & {ilic &S =Pprd}ed

Iepecekas Bce nmpuBecHHBIC B (8=H) MHOXKECTBa, MOTyYaeM, 4TO

—

Q1) & -~ & Qu(€) = P()

JIO’KHO Ha MHOXKECTBEC U3 @Hanpa, a, 3HAYUT, HAlIC MPECAIIOI0KCHHUEC JIOXKHO.
B o0OpaTHyro CTOpOHY, €clii KBa3UTOXKAECCTBO MUCTUHHO Ha (DHIBTPOBAHHOM
pou3BeeHNH, a GOPMYIIbI BUA

Q1(di) & -+ - & Qn(di) = P(di)

orpoBepraroTcs Ha ¢ € I, oOpasyrommx MHOkecTBO X € P, To onpenensiem

5(%’)—{ a;, i€l

HpPOM3BOJNBHO, @ & I.

Ha sToM £ onpoBepraercst Halle KBa3UTOKIECTBO.

[TepexonuMm K A0Ka3aTenbCcTBY BTOpO yactu Teopemsbl. [lycts Thy — coBo-
KYITHOCTb BCEX XOPHOBCKUX (OPMYIT, BRIBOAUMBIX B T h. PaccMoTpum npounsBoss-
HyI0 Mozienb S Teopur T hy. ITokaxewm, 4yTo ee AMarpamma He IPOTHUBOPEUMT [ h.
JU1st 3TOrO MO TeopeMe KOMIIAKTHOCTH JOCTaTOYHO MOCTPOUTH MOJEINb IS BCEX
TEOPUU

ThU{Pi (@), ..., P(a)} U{=Q1(@), ..., " Qun(a)},
e P;(@) — uctuHHbIe Ha S d1eMeHTapHble GOpMyIb, a (), (@) — JToxkHbIe Ha S.

[Tockonbky Ha S JIOXKHBI BCe

Va(P(T) & - - - & P(T) = Q;(7)),
3TU (OPMYIIBI HEBBIBOJUMBI B T h, 3HAYUT, 171 KaXKJJ0I0 j €CTh MOZIEINb S; TEOPHU
Thu {3z (P (Z) & - - - & Pu(Z) = Q;(Z))}.

B3sB B KauecTBe 3HAYEHUH @ COOTBETCTBYIOLIME T, IOIy4aeM HCKOMYIO S;. A Te-
1Iepb CTPOMM MOJIEJTh, Ha KOTOPOH YIOBIIETBOPSIOTCS BCE HCKOMBIE JIEMEHTapHBIC
yTBEPXKJEHHs, KaK IpsIMOe Npou3BeieHue S;.

[To TeopeMe KOMITAKTHOCTHU TeMepb MOXHO MOCTPOUTh MoAenb Th U Dg. Ota
MOJIEINTb COIEPIKHT TOACUCTEMY, H30MOp(DHYIO S, U, CIeI0BATENBHO, MO0 3aMKHY-
TOCTH = OTHOCHUTEJIBHO ITOACUCTEM, S SIBIIETCI MOIENIBIO T h. ]
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Teopema 3.6. Axcuomamuszupyemwiii Kiacc — MHO2000pasue mo2oa U MmoabKo
moeoa, Koeoa OH —K8aA3UMHO2000pasue 1 3aMKHYN OMHOCUMETbHO 20MOMOPHU3-
MO8.

Hokazamenbcmeo. ToJIbKO TOTAA yCTaHABIUBACTCS JIETKO.

Torma. Ananornuno teopeme Jlocs-Tapckoro, qoka3bIBaeéM, 4TO 3aMbIKAHHUE
KBa3MMHOT000pa3usi OTHOCUTEILHO TOMOMOP(HU3MOB SBJISETCS KIIACCOM MOJeTIeH
Teopuu T hp, cOCTOSIICH U3 BCEX TOKACCTB, SBISIONMIUXCS TeopemaMu | h.

Bo3pmeM mpounsBonibHYI0 MOJENb S TeopuH | hy M JOKakeM, 4TO OHA U30-
Mop(hHa romoMoppHOMY 00pa3y HekoTopoil Mmoaenu Th. J{s 3Toro Bo3bMeM 1ua-
rpaMmy S M pacCMOTPHUM JIHIIh JIOKHBIC dJIeMeHTapHbIe GopMyisl u3 Hee. J{is
Kaxa0it popmyisl Buga A = — P(d) u3 auarpammel Dg toxaectBo Vo P(Z)
nokHO Ha S. CllemoBaTeIbHO, OHO HE BBIBOIMMO U3 [h M MMeeTCs MOJENb TeO-
pun Th M, _, B xoTOpoii oHO JT0KHO. OHA MOXKET OBITH PacIIUPEHa J0 MOACTU
Th U = P(d). Bo3pMeM mpsiMoe MPOHM3BEICHHE BCEX TaKuX mozernei. OHO 1mo-
MPEeKHEMY SBJISICTCS MOJICNIBIO Th, W B HEM JIOKHBI BCE ONPOBEP)KUMBIC Ha S
TOXIeCTBa. Bo3bMeM ero moACTPyKTypy, MOPOKIAEMYIO BCEMH 3JIEMEHTaMu S.
O6o3naunm ee M. Onpenenum Ha M OTHOIIEHHE KOHTPYIHTHOCTH CIICAYIOLIUM
obpazom:

t(a) = r(a) < 5.C(t)(a) = S.¢(r)(a).

OHO HEe MOXKET MePEeBECTH HCTHHHOE PAaBEHCTBO B JIOXKHOE, TOCKOJIBKY BCE JIOKHBIC
paBeHcTBa U3 S. Takum 00pa3oM, TaHHOE OTHOIIEHHE KOHTPYIHTHOCTH OTIpesie-
Js1eT ToMOMOp(HU3M, 00pa3 KoToporo u3oMopdeH S. [

Jlns npunokeHuit B iHGOpMaTHKE BaXKHBI CIEIyIOIINe omHocumenshsie Gop-
MBI JaHHBIX TEOPEM.

Onpenenenne 3.2.5. = — omHocumernbHbIl 11-knacc Hag R, ecnn OH Cco-
CTOUT N3 BCex mogernen M HekoTopou Teopun Thg, akCMOMbI KOTOPOW,
cogepxawme o6bEeKTbI TUMOB, HE BXOOSALMNX B cUrHaTypy R, asnstotes I1-
dopmynammu, Takux, YTo R — orpaHuyeHme M.

AHanorM4yHo onpenensatTcs KBasumMHoroobpasmst 1 MHoroobpasus Hag
R.

Tpu TeopeMbl XapaKkTepU3aLMK COXPAHSIIOTCS U 111 CTPYKTYp Haj R, KOHEYHO,
B 3aMbIKaHMSIX TENEPh YUacTBYIOT TOJBKO R-CTPYKTYpBI U MPSMOE IIPOU3BEIEHUE
He BUI0M3MeHseT R, Kak M ONpeesisoch B MpeblayiieM naparpade.

Ipumep 3.2.7.PaccMmoTpuM criegytollee onpenereHve T. H. “abecmpakmHoz20
muna daHHbIx (AT[)."OH cocToNT 13 06BLEKTOB, TUMbI KOTOPLIX 0003Ha4va-
0TCH v, a U onepauuni vertex(string)v, arc(string)a, Vpame(v)string, a,.me(a)string,




3.2. MHOI'OOFPA3UA U JIPYTUE AKCUOMATHU3UPYEMBIE KJIACCBI49

source(a)v, dest(a)v co cneayloLyMy CBOMCTBaMM HOBbIX Onepaumi:
) =v; (3.12)
arc(aname(a)) = a (3.13)
source(a) = source(al) & dest(a) = dest(al) = a = b. (3.14)

vertex(Vpame (v

OTO MOXHO paccMaTpuBaThb Kak onncaHue rpadoB C MMEHOBaHHbLIMK pe-
B6pamu n BepwMHamMun. 3aMeTuUM, 4YTO ycrosue (2=12) o3Ha4aeT NULLb UHBL-
eKTMBHOCTb Oonepauuu NpucBoeHnsa MeH. [lanee saameTum, 4To B HaCTO-
ALWEeNn NHMLMANbLHON MOAENU OHO MOrfo Obl 03Ha4YaTb M B3aUMHYIO Of-
HO3HAYHOCTb, HO Y HAaC MHOXECTBO BO3MOXHbIX UMeH (DUKCUPOBAHO: 3TO
CTPOKM.

Ipumep 3.2.8. Knaccnyecknm npumepom abCTpakTHOro TMna AaHHbIX ABNS-
eTcsa cTek anemMeHToB TUNa t. OH onucbiBaeTCcsa cnegyowmMmmn ToxaecTea-
MU HaZ (prKCUpoBaHHOW MOAENbIo TUna t.

push(empty) = empty; (3.15)
top(pop(s, z)) = ; (3.16)
push(pop(s,z)) = s. (3.17)

KoHcTaHTa nHTepnpeTmpyeTcs kak NycTow CTek, a onepaummn — kak goba-
BIEHME 3NIEMEHTA, YTeHNE aneMeHTa C BePLUMHbI CTEKa U yaaneHune Bep-
LWKHBI. [MockorbKy Bce onepauun y Hac yHKLMOHanbHbIE N HUKAKOrO KOH-
TeKcTa, KOTOPbIA MOXET U3MEHATLCH B MX xoae*®, HeT, onepauum YteHus
BEPLUMHbI U €€ yaaneHus pasaeneHbl.

Ho HacTosiiiie ClI0)KHOCTH HAYUHAIOTCS, KOT/Ia MBITAIOTCS UCIIOIBb30BaTh yXKe
OTpe/Ie/ICHHbIC a0CTPAKTHBIC TUIIBI TJAHHBIX B KAUECTBE OCHOBBI Jtst apyrux AT]I,
KOTJIa, CKa)KEeM, TIBITAIOTCS JaTh ONpPECICHUE CTeKa JIEMEHTOB M3 ITPOM3BOJILHO-
ro abCTPaKTHOTO THIA JaHHBIX. BBUIY TOTO, uT0 B AT]] 10 YMOIYaHHUIO MTPEIIO-
JaraeTcs WHHUIMATIbHAS MOJICIh, HET HUKAKOW rapaHTHH, YTO JOOABJICHHE HOBBIX
KBa3UTOXK/ICCTB HE Pa3pPyIIAT YMOTYAHHS.

VYnpaxHeHusi k 83.2

3.2.1. IlycTb B cUTHAType OJHOOCHOBHOW PEJIIIUOHHON CUCTEMBI €CTb JIUIIb =
M B¢ KOHCTaHTHI a, b. ITycTh akcroma umeet Bun Vz(z = a V z = b.
PaccmoTpum ecrecTBeHHYI0 Mozenb S manHoit hopmysel, tne U = {a, b}.
byner nu akcnoma uctuHHa Ha S X S7?

3.2.2. OTBeThTE, IMEET 1M MHULUAIBHYIO MOJIEh OTHOCHUTENLHO () craemyromuii
[T-xmacc omHOOCHOBHBIX anredp. I1ycTh PyHKIIMOHATBHBIX U MIPEIUKATHBIX

16Kak mpoucxoauT B CTaHAAPTHOM MPOTPAMMHUCTCKOM OKPYKEHHH.




ITTABA 3. AJITEBPAUYECKHUE CUCTEMBbI

CHUMBOJIOB, KPOME =, HET, M KJIACC OIUCHIBACTCS €IMHCTBEHHON aKCHOMO:
a = bV a = c. B kakom MecTe He ynaeTcs 371eCh IPUMEHUTD JI0KA3aTelb-
CTBO T€OpPEMBbI 00 HHUITMAIBHON MOIETTN ?

3.2.3. A mouemy B IpeIbIAyIeM ITyHKTE MbI Ha3Baiau kiacc [I-kmaccom? Benn B
aKCHOME KBaHTOPOB BOOOIIE HET?

3.2.4. TlokaxkuTe, C JUIMHOW JTIOKa3aTeIbCTBA HE O0JIee TMOJCTPaHUIIBI, YTO KJIacce
YHOPSA0YMBAEMBIX TPyl (T. €. TPYII, Ha KOTOPBIX MOXKHO BBECTH OTHO-
[ICHUE TOPSI/IKA, PEBPAIIAIOIICE UX B YIOPSIJIOUYCHHYIO TPYIIILY) SBIISCTCS
KBa3uMHOTrooOpa3uem. Cymeere i Bl BeITHCaTh KBA3UTOXK/IECTBA, XapaK-
TEPUBYIOIINE TaKUe TPYIIITHI?

3.2.5. [lycth curHatypa o COCTOUT M3 OJHOTO TUIA JAHHBIX tO M PaBEHCTBA HA
HeM. PaccmoTpuM anreGpandecKkyio CTPYKTypy So C IBYMs dJIEMEHTaMH.
[TormonHUM ¢ HOBBIM THUIIOM JAHHBIX from ¢ OIHOIl KOHCTAHTOW WU OJHOMI
onHomecTHOW (pyHkimel f u3 from B to. EcTh u B Kitlacce MHOTOOOpa3uii
Haj Sy MHUIMAIbHAs Mozienb ? [logemy 3/1ech Heb3s MPSMO IPUMEHUTH Te-
opeMy 00 MHUITUAIBHON MOIeTn?




I'masa 4

Tonmojgorus

4.1 CuMIIMIHAJIbHBIE KOMIIJIEKCHI

[TockonbKy TOTONOTHYECKast Kiaccu(uKaIus MpoOCTPAHCTB JOCTATOYHO Tpydas,
MOYKHO HAJIeAThCA HANTH AUCKPETHOE IMpe/CTaBICHHEe, KOTOPOe Obl OHO3HAYHO
OTPEEIISIIO TOMOJIOTMYECKUE CBOMCTBA TPOCTPAHCTBA. 31€Ch Mbl PACCMOTPUM Ta-
KHe TIPE/ICTaBJICHH I BAYKHOTO Kjlacca MPOCTPaHCTB — eMmplhmHorooopasuii.

(4.2)

310 MHOTOOOpa3ue 3a1aeTcs KaK

(4.2)

CkJ1eiikoit CBOOOIHBIX CTOPOH CUMILIEKCOB 1 1 3 B 0OJTHOM U TOM K€ HarpaBJIeHUN
oOpazyeTcs koibito Mebuyca, a B MpOTHBOTIOI0XKHBIX — 0OBIYHOE KONIBII0. Ecim
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52 IJIABA 4. TOIIOJIOT'UA

B KoJiblle MeOuyca CKIIeUTh CBOOOHBIC CTOPOHBI 2 ¥ 4 B OJJHOM M TOM K€ HaIlpa-
BJICHUH, 00pa3yeTcs MPOEKTUBHAS IJIOCKOCTh, B IPOTUBOTIOJIOKHBIX — OyTHUIKA

Kneiina.
Crnenyromue npuMepsl He Oy/ieM paccMaTpuBaTh CTONb JeTanbHo. [lepBbIit u3
HUX TaKXe JICHTa, KOTOPYIO CKIIEUBAEM aHAJIOTMYHBIM 00pa3oM.

/XN

1 —
1 —
1

1 3 2
2 2 3
3 3 4

BTopoit — UCKIIIOYMTENBHO MPOCTasi CKIEHKa

SR
/1\2/
1

1 2 21 —

U nocnequuii — U3HAYaIBHO C IBIPOH (T. €. KOJIBIIO).

1
11 e 2 1
1




I'maBa b

Kareropuu

5.1 TIlpocreilimine NOHATHUSA

Vxe mpocTelnire MoHATHS T€OPUU KaTerOpUil SBISIFOTCS MOHSATHUSAMH BBICOKOTO
nopsifika U TpeOyIOT HEKOTOPBIX YCUJIMHM M TEXHUKU MBIIUICHUS ISl TOHUMAHHS .
Hanpumep, paccmoTpum noHsTHe QyHKTOPA.

To, uto (yHKTOD ¢ siBNIseTCs roMmoMopdu3MoM Kareropuu € B KaTeropuio 2,

o f
O3HauaeT coxpaHeHHe Bcex omepanuii. Tak 4ro nuarpamma a — b mepexomuT B

o(a) LatIN ©(b), a 1 KOMIIO3UIMIA BBITIOIHEHO OOBIYHOE anreOpandeckoe pa-

BEHCTBO
CoDom f = Domg = ¢(f o g) = ¢(f) o v(9).

JIJis eTuHUI HIYero TpeOoBaTh He HYXKHO, TaK KaK COXpPaHEHHE KOMITO3UITUH Ta-
pPaHTUPYET UX COXPAHCHUE.

Kak BunuTe, mepeBoj KpaTkoro ¥ TOYHOTO OIPEICIICHUS BBICIIIETO YPOBHS Ha
0osiee HU3KOYPOBHEBBIN S3BIK TPEOYeT HEKOTOPBIX TBOPUSCKHUX YCWIIHU, pa3HBIC
YaCTH MOJTyYaroIIerocs pa3bsiCHEHHsI HHOTIA CTOUT (pOpPMYITHPOBaTh Ha HECKOJIb-
KO Pa3HBIX SI3bIKaX, & HEKOTOPBIE JIEMEHTHI KOHKPETH3AIIUU OITyCKaTh.

Termepb paccMOTPUM JIPYTOH pUMeEp — MoabeMa 00jee KOHKPETHOTO TTOHSI-
THS Ha BBICOKOYPOBHEBBIH s3bIK. BCIIOMHHUM OIIpeieIiCHHEe JrUarpaMMbl Kak OCHa-
neHHoro rpadga d=5=3u chopmynmupyem ero Ha YUCTO aNreOpandecKoM s3bIKe.

Onpenenenne 5.1.1. [Juacpamma Hag rpadpom G B kKateropnm © — yHKTOpP
n3 karteropun €5 B ®.

B camom zene, nockonbKy Moppuzmamiu B € ABISIOTCA MY TH, U ITPU PYHKTOP-
HOM OTOOPa)KeHUH KOMITO3UIIMU COXPAHSIOTCS, MOP(PH3M, CONIOCTABICHHBIN Ty TH
Qv €CTh KOMITO3UIIHSA MOP(U3MOB, COTIOCTABICHHBIX COCTABIISIOIINM €ro pedpam,
B3ATBIM B COOTBETCTBYIOIICM ITOPSAIKE. KOMMYTaTI/IBHOCTI) AuarpamMmbl JaHHBIM
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54 IJIABA 5. KATETOPUU

OIpeieNIeHUeM He 00eCIeUMBAeTCsl, IIOCKOIBKY Pa3HbIM IMYTSIM MOTYT COOTBET-
CTBOBaTh pa3HbIe MOP(PU3MBI.
VYnpaxnenus k 85.1

5.1.1. Kakoe ycioBHe HaJI0 HATIOKUTH B ITeOpanvecKoM OIPE/ICIICHUN Tuarpam-
MBI, YTOOBI OHA CTaJla KOMMYTATUBHOM ?




I''maBa 6

MaremMaTu4deckue MoJae1u
KOHIENIMI MPOrpaMMUPOBAHUS

6.1 Pexypcusi Kak HemoJABHKHASI TOUKA

PaccMoTpuM odeHb POCTOE PEKYPCUBHOE ONPEIe/ICHUE

f(z) < f(x). (6.1)

Kax1p1ii, KOHEYHO e, CKaXKET, YTO 3TO — HHUTJC He onpeaencHHas GyHkims. Ho
nouemy ke Tak? Benp ypaBHeHuto (1) ynosneTBopset iro6as pyukius. [louemy
K€ MBI BRIOMpAaeM U3 3TOTO MHOXKECTBA PEIICHUI MMEHHO HUTJIE HE OMpPEeIICH-
HYI0 (YHKIIMIO, a HE JPYTYIO MPOCTYIO, CKAKEM, TOXKIECTBEHHYIO?

Mgl MorH OBl 33/1aTh TIPOCTO CIIOCOO BBIYUCIICHHS PEKYPCHBHBIX CXEM, CKa-
3aB, YTO KaXKIIbIi Pa3 OMPE/ICIICHUE TTOJICTABIISETCS BMECTO ONPEEIIIEMOro B OJ1-
HOM M3 MECT NOJY4HBIIETOCS BhIpaXKeHUs1. HO Tora MOTyT BRIYHCIISITECS pa3HbIe
pE3yABTATHI B 3aBUCHMOCTH OT TOTO, KAKYIO CTPATETHIO BBIYUCICHUH MBI TPHMEM.

Ynpa:xnenus k 86.1

6.1.1. Yto BeIYMCISICT cleAyromast pyHKITHs

f(z) < if x > 100 then  — 10 else f(f(x + 11)) fi;

6.1.2. Yro BeIUUCIIAET ciaeayromias QyHKIus aeicTBUTENbHBIX urcea (D — orme-
parop auddepeHIUpOBaHHS):

F(f,z,n) < if n =0then f(0) else F(f,z,n — 1)+ D"(f)(z)/n! fi;

6.1.3. A cnenyromas GyHKIUS:
F(f,z,n) < if n > 0then F(f,z,n+ 1)+ D"(f)(x)/n! else error fi;
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